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Abstract 

We revisit the issue of higher-dimensional counterterms for the M = (1,1) supersymmetric 
Yang-Mills (SYM) theory in six dimensions using the off-shell M = (1,0) and on-shell 
Af = (1,1) harmonic superspace approaches. The second approach is developed in full 
generality and used to solve, for the first time, the M = (1,1) SYM constraints in terms 
of V = (1,0) superfields. This provides a convenient tool to write explicit expressions 
for the candidate counterterms and other V = (1,1) invariants and may be conducive to 
proving non-renormalization theorems needed to explain the absence of certain logarithmic 
divergences in higher-loop contributions to scattering amplitudes in V = (1,1) SYM. 


Dedicated to the memory of Boris Zupnik 
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1 Introduction 

Yang-Mills theory and its supersymmetric extensions have been studied extensively over the 
years, and are of particular relevance in four dimensions, in which case they dehne renormal- 
izable quantum held theories. It is well known that these theories are not renormalizable by 
power counting in higher dimensions, but they nonetheless provide effective theory descrip¬ 
tions of some particular low energy sectors of string theory, such as D5-brane dynamics and 
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open string theory compactifications. In this paper, we concentrate on 6D supersymmetric 
Yang-Mills (SYM) theory. Only the maximally supersymmetric J\f = (1,1) theory, involving 
both left-handed and right-handed supercharges, is anomaly free in six dimensions |T], and 
is therefore physically relevant. The effective action for coincident D5-branes defines a non- 
abelian generalization of Born-Infeld theory representing an infinite series that involves the 
standard TV = (1,1) supersymmetric 6D Yang-Mills Lagrangian and higher-derivative correc¬ 
tions [21 [ami El E]. 

We wish to note right away that the individual terms in the effective action need not and do 
not possess the full extended supersymmetry that string theory enjoys. Only the whole infinite 
series has this property. We will discuss this issue in detail later. 

The higher-derivative supersymmetric structures similar to those that appear in the Born- 
Infeld action define also the candidate counterterms for the ultra-violet (UV) logarithmic diver¬ 
gences in the 6D SYM theory. The supersymmetric Ward identities for the on-shell amplitudes 
only require these counterterms (at least, the counterterms that are responsible for hrst loga¬ 
rithmic divergences ~ In Auv in the amplitudes) to be invariant under extended supersymmetry 
transformations on mass shell, i.e. modulo the equations of motion of the 6D SYM theory. 
Only when one can give a superspace formulation of the theory and use a symmetry-preserving 
regularization, the counterterms should possess the corresponding supersymmetry off shell. 

There is no off-shell Af = (1,1) superspace formulation of the maximally supersymmetric 6D 
SYM theory. Thus, we cannot expect the counterterms to enjoy the full off-shell supersymmetry 
of the original action. The on-shell Af = (1,1) supersymmetry should, however, be there. On 
the other hand, there exists a A/" = (1,0) superspace formulation, and the relevant counterterms 
should he Af = (1,0) off-shell [and A/" = (1,1) on-shell] supersymmetric. A limited symmetry 
of relevant counterterms is a specific feature of theories with extended supersymmetry. In 
more simple cases (think of the Euler-Heisenberg effective Lagrangian for QED or of higher¬ 
dimensional counterterms in the effective chiral theory describing the low-energy sector of 
QCD), all individual terms in the effective Lagrangian possess the same off-shell symmetries as 
the leading term. 

The structure of higher-dimensional counterterms was previously studied in the conven¬ 
tional superspace approach and in (on-shell) harmonic superspace in [8]. A convenient way 
to determine the structure of these counterterms is using the (off-shell) harmonic superspace 
technique developed in P [10] and extended to six dimensions in [HI ESI [13]. That is what we 
do in the present paper. 

We make use of the Af = (1,0) off-shell harmonic superspace formalism of refs. [HI [T^ [13]. 
to define in detail the Af = (1,1) on-shell harmonic superspace invariants introduced in [8]. 
We rewrite the standard superspace Af = (1,1) SYM constraints in Af = (1,1) harmonic 
superspace. The main new result here is to solve explicitly these constraints in terms of Af = 
(1,0) superfields. Since the constraints put the theory on shell, the Af = (1,0) superfields 
are necessarily subjected to their equations of motion. Nevertheless, while constructing the 
invariants from the constrained Af = (1,1) superfield strength as integrals over superspaces 
involving the full Af = (1, 0) superspace as a subspace, these superfields can still be treated as 
off-shell ones. The on-shell conditions are needed only while checking the hidden Af = (0,1) 
supersymmetry of these invariants. The Af = (1,1) harmonic superspace formalism allowed us 
to write down explicit analytic expressions in off-shell Af = (1,0) harmonic superspace for the 
candidate counterterms. Their analysis may help to understand the reason why certain possible 
a priori logarithmically divergent structures in the scattering amplitudes happen to be absent. 
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as was displayed in explicit 3-loop calculations [m [151 US] 0- 

The algebraic renormalization method HZI was generalized to non-renormalizable super- 
symmetric theories in [8] as a tool to determine whether some counterterms could support 
logarithmic divergences. This allowed to explain the absence of 2-loop divergences. But the 
same arguments fail to explain the absence of non-planar divergences at the 3-loop level |18] . 
Arguments using the pure spinor formalism [191 ESI El] allow to explain this result, but there is 
no direct quantum held theory understanding of this non-renormalization theorem. We will see 
that the absence of 2-loop divergences can also be understood in the M = (1, 0) harmonic super¬ 
space framework through the absence of an A/" = (1, 0) off-shell supersymmetric and manifestly 
gauge-invariant counterterm of canonical dimension d = 8 0. At the 3-loop level (d = 10), 
both planar (or single-trace) and non-planar (or double-trace) supersymmetric counterterms 
can be constructed. We shall argue, however, that Ward identities combining the algebraic ap¬ 
proach for non-linear hidden supersymmetry with the off-shell M = (1,0) harmonic superspace 
methods could potentially explain the 3-loop non-renormalization theorem. 

The QD SYM theory also represents an interest as a toy model for more complicated ex¬ 
tended supergravity theories. In particular, the absence of divergences for the double-trace 
structure in the 3-loop amplitude in six dimensions obtained by explicit computations is some¬ 
how similar to the absence of divergences which was observed for the four-graviton amplitude 
in TV = 4 supergravity in four dimensions at the 3-loop level and in A/^ = 5 supergravity at the 
4-loop level [22l|23ll^ EH]. 

Indeed, for pure A/" = 4 supergravity (without matter), the hrst available supersymmetric 
counterterm appears at the 3-loop level [26l \T7] . The absence of anomaly for the Cremmer- 
Julia symmetry for AA-extended supergravity with A/" > 5 [28] and inspection of the possible 
supersymmetry invariants exhibit that the hrst available counterterm only appears at (A/" — 1)- 
loop order |29l [301 [31]. This allows to understand the good ultra-violet behavior of A/" = 8 
supergravity amplitudes which was observed in [5211331133] through four loops. However, this 
symmetry principle fails to explain the absence of divergences at three loops in pure A/" = 4 
supergravity [35], as well as at four loops in AA = 5 supergravity. These unexplained can¬ 
cellations suggest that, by the same currently unexplained reason, maximal supergravity may 
not diverge at seven loops, in spite of the presence of a counterterm satisfying all symmetries 
|31j . On the other hand, the 4-loop amplitudes in A/" = 4 supergravity are known to involve 
logarithmic divergences, and one might think that the same is true for the 8-loop amplitudes 
in the maximal A/" = 8 supergravity, as was predicted long time ago in [36] . 

Although the non-renormalization theorems in 6D SYM theory and in supergravity were 
proven using different methods, one may hope that a future proof of the non-renormalization 
theorem for the non-planar 3-loop logarithm divergence in Yang-Mills theory could shed some 
light on possible generalizations to supergravity. 

The structure of the paper is the following. 

In Sect. 2, we attempt to give a pedagogical explanation of the above-mentioned fact that 
the individual terms in the supersymmetric effective Lagrangian do not necessarily possess all 
the symmetries of the leading term. We illustrate this for the toy supersymmetric quantum 

^We are talking here only about logarithmic divergences; power UV divergences characteristic of a non- 
renormalizable theory are present starting from the first loop in certain UV regularization schemes — Slavnov’s 
higher-derivative scheme or lattice regularization. These power divergences cannot be cared of by calculations 
in the papers just cited. 

^Hereafter, we denote by d the canonical dimension (in mass units) of the relevant component 6D Lagrangian. 
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mechanical model with only one bosonic degree of freedom. 

In Sect. 3, we recall the basic notions and introduce notation for 6-dimensional M = (1, 0) 
harmonic superspace. In Sect. 4, we use this formalism to construct the classical invariant ac¬ 
tions of canonical dimension 4 involving the M = (1, 0) vector multiplet and the hypermultiplet. 
One of such actions enjoys the extended AT = (1,1) supersymmetry, with the M = (0,1) part 
of this symmetry being realized via the transformations oi M = (1,0) harmonic superhelds. 

In Sect. 5, still working in the M = (1,0) superspace framework, we analyze higher¬ 
dimensional M = (1,1) supersymmetric Lagrangians. We show that 

• At the 1-loop level (d = 6), all the candidate counterterms vanish on mass shell [37| 138]. 
We demonstrate in Sect. 6.1 and, in more details, in Appendix B that no d = 6 off-shell 
N = (1,1) supersymmetric Lagrangian can be constructed. 

• At the 2-loop level (d = 8), the candidate counterterms also vanish on mass shell, if we 
require them to he J\f = (1, 0) off-shell supersymmetric and gauge invariant [§. 

• On the other hand, one can construct an on-shell d = 8 gauge-invariant Lagrangian 
involving both the vector multiplet and hypermultiplet and possessing both Af = (1,0) 
and Af = (0,1) supersymmetries only on shell. Its bosonic part starts with the structure 
~ It does not appear as a counterterm for the Af = (1,1), 6D SYM theory, but is 
present in the derivative expansion of the Born-Infeld action for coincident D5-branes. 

The methods of Sect. 5 where the extra Af = (0,1) supersymmetry is “hidden” in the 
superheld transformations proved not to be too efficient for constructing the 3-loop d = 10 
invariants; even the construction of the d = 8 invariants by this “brute force” method is rather 
complicated technically. To perform such a study in a more systematic way, we developed in 
Sect. 6 and 7 the on-shell Af = (1,1) harmonic superfield formalism. It involves a double set 
of harmonics, uf and as well as the extra SU{2) doublet of the (0,1) chiral 6D fermionic 
superspace coordinates. We show that 

• The known superspace constraints on the covariant spinor derivatives, which define the 
Af = (1,1) SYM theory [3132], admit a compact rewriting in this bi-harmonic superspace 
as the conditions for the two types of covariant Grassmann harmonic analyticities. 

• These constraints are explicitly solved in Sect. 7 in terms of the Af = (1,0) SYM gauge 
superfield and hypermultiplet, simultaneously providing the Af = (1, 0) Grassmann har¬ 
monic analyticity and the on-shell conditions for these superfields. 

• These Af = (1, 0) constituents are encompassed by the single double-analytic Af = (1,1) 
superfield strength with simple transformation properties under the Af = (0,1) super- 
symmetry. 

In Sect. 8, we write various invariant actions in terms of this Af = (1,1) superfield strength 
as integrals over the full Af = (1,1) superspace or its 1/2 or 3/4 analytic subspaces and further 
rewrite these invariants in the Af = (1,0) superspaces. 

^ These requirements should be imposed under the assumption that the perturbative calculations can be 
done in a way that preserves at all steps the off-shell Af = (1,0) supersymmetry and gauge invariance, both 
of them being kept by regularization. This assumption is very natural: the existence ot Af = (1,0) superspace 
implies the existence of supergraph technique, and the higher-derivative ultraviolet regularization keeps gauge 
invariance and Af = (1,0) supersymmetry, but we are not aware of its formal rigorous proof. 
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• We rederive in this way the on-shell d = 8 invariant obtained in Sect. 5 and also derive 
nontrivial expressions for the single-trace and double-trace d = 10 invariants in terms of 
Af = (1, 0) superhelds. We note that the single-trace invariant can be represented as a full 
Af = (1,1) superspace integral, whereas the double-trace invariant cannot. We suggest 
that, using the algebraic method in W = (1, 0) harmonic superspace, this may be enough 
for proving a non-renormalization theorem preventing the appearance of the double trace 
as a counterterm. 

• We also present an alternative view of constructing higher-order invariants on the d = 
8 example. One can keep the off-shell Af = (1, 0) supersymmetry, but allow for the 
gauge invariance to be deformed, or modify the dehnition of the Yang-Mills held strength 
curvature [iQ]. We write the explicit expression for the d = 8 action thus obtained. This 
may provide an alternative way to construct the supersymmetric Born-Infeld Lagrangian 
in = (1,0) harmonic superspace, although we do not investigate this issue in this 
paper. 

There are three technical Appendices. In Appendix A, we derive certain Bianchi identities 
relating different Af = (1, 0) superhelds that are used in Sect. 5. In Appendix B, we describe a 
failed attempt to construct an oh-shell Af = (1,1) invariant d = 6 action. We conclude that such 
an action in all probability does not exist. In Appendix C, we give an alternative derivation of 
the d = 8 on-shell Af = (1,1) supersymmetric Lagrangian, directly in the Af = (1, 0) superspace. 


2 Off-shell vs. on-shell 

In this pedagogical section, we clarify generic features of ehective supersymmetric Lagrangians 
by studying in detail two toy supersymmetric quantum mechanical models and recalling the 
familiar situation for AD held theories. 

2.1 Witten’s model 

The simplest possible example is Witten’s supersymmetric quantum mechanical system involv¬ 
ing one bosonic degree of freedom with the Lagrangian |1T] 

Lo = - -( 2 . 1 ) 

The corresponding equations of motion are 

x + V'{x)V"{x)= 0, 
ifj — V'\x)if = 0 , 

iff + V"{x)ff = 0 . (2.2) 

The Lagrangian (12. Ih is invariant (up to a total time derivative) under the following non¬ 
linear supersymmetry transformations 

Sx = 6eX + SeX = eif ife, 
dfj = S^if = —e[ix-\-V\x)\, 

6'if = Self = e[ix — V'{x)]. (2.3) 
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Note now that it is impossible to write a Lagrangian depending on the helds x, V’, "0 and involving 
their higher time derivatives which would be invariant under the transformations fl2.3p . This is 
due to the well-known fact that the Lie brackets of the transformations fl2.3p do not close off 
mass shell, but only on mass shell. When acting on the variable x{t), the Lie bracket {6^6^ —S^S^) 
boils down to a total time derivative. But it is not so for the fermion variables. For example, 

BL 

- 6^6^) -0 = ^e[iip V"{x)iIj] = . (2.4) 

The presence of the second term in fl2.4p does not affect the invariance of Lq under 02.31) . Indeed, 

(4^, - 4^,) io = mu + (1^1^ + ^1^) = ■ (2.5) 

But, for L ^ Lf), the second term in the Lie bracket L vanishes only on the mass 

shell of Lq. 

The standard way to solve this problem and to construct fully supersymmetric actions of 
any dimension is to introduce a superheld 

x{he,e) = X + 9xp +'ipe + F99. ( 2 . 6 ) 

The transformations of the superspace coordinates generate linear supersymmetry transforma¬ 
tions of the dynamic variables. 


6x = eip F ipe, 

6'ip = e{F — ix), 

S'l/j = e{F + ix), 

6F = i{e'ijj — 'ipe). (2.7) 


Any higher-derivative action of the form 


A 


dt d9d9 ( -^DXP 


imi 


DX + V{X) 


( 2 . 8 ) 


where P{d/dt) is an arbitrary polynomial and 


D 


d .^d 




(2.9) 


are the supersymmetric covariant derivatives, is invariant under fl2.7p . 

For a linear polynomial P{z) = a + bz, one obtains an interesting higher-derivative model 
whose Hamiltonian is Hermitian in spite of the presence of the ghosts (no ground state in 
the spectrum) [12]. For higher-order polynomials, the Hermiticity is lost, but we need not 
worry about it, we use this as a toy model displaying the structure of the effective Wilsonian 
Lagrangian in a field theory of interest. We choose P{z) = 1 — gz"^. One obtains then the 
following component Lagrangian, 


L = ^{x"^ + F'^) + itpip + FV'{x) + V"{x)^!^^ + (^x'^ + F'^ + 2i'p'tp 


( 2 . 10 ) 
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This Lagrangian is invariant under the transformations fl2.7p . On the other hand, the formerly 
auxiliary field F has become dynamical and cannot be algebraically eliminated as it can in 
Witten’s model with (7 = 0. Still, one can integrate out the field F perturbatively through the 
formal power series solution 


F 




n=0 


<f^V\x) 


One obtains in this way the Lagrangian 

L = + git^)+i4’4’+ , 


( 2 . 11 ) 


( 2 . 12 ) 


which is by construction invariant with respect to the nonlinear supersymmetry transformations 


dx 

SF 




e 



d‘^^V'{x)\ 

dF'^ J ’ 


SF 



d2nv'(x)\ 
dF'^ ) ’ 


(2.13) 


that close modulo the equations of motion for the full Lagrangian fl2.12p . For example. 


°° J2n 

n=0 

The Lagrangian fl2.12p represents a perturbative series in g, 



(2.14) 


L — g^Ln — Lq + gLi + g^L 2 + ... (2-15) 

n=0 


and similarly for 5 = (5o + gdi + ..., where Lq is written in (12.ip and (5o in (I2.3p . It follows by 
construction that the first-order correction, 

Li = ^dF+ iFF + ]^x^{y'\x)Y, (2.16) 

is invariant under the action of (5o modulo the classical equations of motion fl2.2p and a total 
time derivative. 


6qLi F ^iLq — 



(2.17) 


In other words, the action j dtLi is invariant with respect to nonlinear supersymmetry trans¬ 
formations fl2.3p on shell, but not off shell. 

On the contrary, the second-order correction 


L 2 = ~{xV''{x)Fx^V"'{x)f, (2.18) 

is not invariant with respect to 5o, but satisfies instead 

5qL 2 F diLi F S 2 LQ = —{■ ■ ■). (2-19) 


The situation when the effective Lagrangian represents an infinite series of higher-derivative 
terms, like in fl2.12p . and this Lagrangian is invariant under modified supersymmetry trans¬ 
formations also representing an infinite series, is quite general. One known example is the 
Born-Infeld effective Lagrangian mentioned in the introduction. 
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2.2 4:D supersymmetric gauge theories 

Consider first the J\f = 1, AD supersymmetric SYM Lagrangian. It involves the gauge helds 
and gluinos and is invariant under certain nonlinear supersymmetry transformations. One 
also can write higher-derivative off-shell supersymmetric Lagrangians of canonical dimensions 
d = 6,8, etc., but they necessarily include the auxiliary held D of the vector multiplet, which 
now becomes dynamical. In this case, supersymmetry is realized linearly. 

The same is true for the M = 2 supersymmetric SYM theory. We have a scalar superheld 
W involving a triplet of auxiliary helds D^. Higher-derivatives supersymmetric Lagrangians, 
like £ ~ Tr J can be written, and they involve the derivatives of D^. For the 

“matter” helds belonging to the M = 2 hypermultiplet, the full set of the auxiliary helds is 
inhnite. The latter can be presented as components of a certain M = 2 harmonic superheld. 
Higher-derivative oh-shell invariant actions can also be written in that case. 

But for the A/" = 4 theory, the situation is diherent. Superheld formalism, with all su¬ 
persymmetries being manifest and oh-shell, is not developed, the full set of auxiliary helds is 
not known and probably does not exist. Thus, one cannot write in this case an oh-shell su¬ 
persymmetric higher-derivative action. On the other hand, nontrivial higher-derivative actions 
enjoying on-shell W = 4 supersymmetry exist (see, e.g., [6l |l3l HU I45]L 

In four dimensions, these higher-derivative invariants are not relevant for perturbative cal¬ 
culations — they do not appear as counterterms for a renormalizable (even hnite for A/" = 4) 
theory 0. But such invariants are relevant in six dimensions. As far as their structure is con¬ 
cerned, the situation is the same as in four dimensions. Using harmonic approach, one can 
develop M = (1, 0) harmonic superheld formalism and write down many oh-shell M = (1, 0) 
invariants. On the other hand, we have no oh-shell M = (1,1) superheld formalism and oh- 
shell M = (1,1) invariants probably do not exist. However, it is possible to write down many 
on-shell A/" = (1,1) invariants, and we will do it explicitly for the canonical dimensions d = 8 
and d = 10. 

3 Harmonic superspace and harmonic superfields 

We give here some basic facts about the 6D spinor algebra, the ordinary and harmonic 0) 

superspaces and A/'=(1,0) superhelds. For more details, see refs. [371138] . 

3.1 Spinor algebra 

The group Spin{5, 1) possesses two diherent spinor representations, the complex 4-component 
spinors A“ and the complex 4-component spinors 'ipa- In contrast to Spin{6) = 517(4), where two 
4-dimensional representations are related to each other by complex conjugation, in Spin{5, 1), 
they are completely independent. The situation is opposite to that in AD where the group 
Spin{3, 1) involves two complex conjugate spinor representations, while in Spin{A) = SU{2) x 
517(2) these representations are independent. 

For the vectors, it is convenient to introduce the notation 

Vab = 

'^Though they can appear in the Wilsonian effective actions. 


(3.1) 



where M = 0,..., 5 and {'y^)ab ai'e antisymmetric 6D matrices (the 6D analog of satisfying 


ImIn + InIm— —‘^Vmn, hMAf — diag(l, —1, —1, —1, —1, —1), (3.2) 

with 

(%»)“* = (3.3) 

One of the possible explicit representations of these matrices is 

7o = 7o = icr2 <81; 7i = -7i = io'2 <8 o-p 72 = -72 = fl<8 CT2; 

73 = -73 = *c^2 <8 0-3; 74 = 74 = 0-1 <8 0-2; 75 = 75 = c^3 <8 0-2 • (3.4) 

Note the properties 

Tr{7M7iv7p7Q7iJ75} =-Tr{7M77v7p7Q7R7s} = 4+ symmetric part (3.5) 
(^012345 = 1) and 

{l\bhAU = 2eabcd, (7^)“'’(7a)"" = 25“'"^". (3.6) 

The Dirac gamma-matrices Tm satisfying the standard Clifford algebra 


rMhAT -|- TatTm — 2r]MN 


can be chosen as 

= (-L ' 0 ") ■ ( 3 '^) 

One can also introdnce 

r? = 101112131415 ( 3 - 8 ) 

and observe that the spinors A“, V’a are the chiral left-handed and right-handed projections of 
a 8-component Dirac spinor, i.e. A, V’ = (1 ± l7)4'/2. 

The Spin{5, 1) generators are 

1- ~ al~ 

(o'MNTb = 2 “ iNllVlTb = 2 {iNlM — lMlN)b ■ (3-9) 

They are rea0. This makes it convenient to dehne, instead of a complex 4-component spinor 
A“ , a conple of spinors A“^i 2 obeying the psendoreality condition 

Af = , (3.10) 

where C is the charge conjngation matrix with the properties C = —C"^, = —1. It can be 

chosen as C = 7075. 

Similarly, instead of a generic complex 'ijja, one can introdnce a conple of right-handed 
spinors related by the psendoreality condition. 

®Thus, the algebra spin(5, 1) represents a real form of spin{6) = su(4) and is sometimes denoted sm*(4). 
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3.2 Superspace 

The standard A/'=(1,0) superspace involves the coordinates 

z = {x^.et). (3.11) 

where are Grassmann pseudoreal left-handed spinors. 

Next we introduce the harmonics {u~ = {ul )*= 1) , which describe the “har¬ 
monic sphere” SU{2)r/U{1), where SU{2)r is R-symmetry group of the AT = (1,0) Poincare 
superalgebra B The harmonic AA=(1, 0), QD superspace in the central basis is parametrized by 
the coordinates 


Z — {z,u) = (i", »“,«*•). 


(3.12) 


The harmonic superspace in the analytic basis involves the harmonics and the coordinates 


X 


M 

(an) 




.^(an) .— 




±a ^±i 


*), 


(3.13) 


X 


M 

(an) 



Q±a 




A very important property of the analytic basis is that the set of coordinates 


(3.14) 


c- 




(3.16) 


involving only a half of the original Grassmann coordinates forms a subspace closed under the 
action of AA=(1,0) ,6D supersymmetry. The set fl3.15p parametrizes what is called “harmonic 
analytic superspace”. 

It is convenient to define the differential operators called spinor and harmonic derivatives. 
In the analytic basis, they are expressed as 


Dt = d.a , D- = -d+a - 2ie-^dat , = 


lO _ ^+i 


d 


d 


u 


+ »+“5+„-r“S_., 

(3.16) 


du~^ 

D++ = a++ + , d— = d— + te-'^e-^dab + e-'^d+a , (3.17) 

where d±a0^^ = and 


= u 


+i ^ o— _ -i ^ 

du-^ ’ ~ “ du+^ 


The following commutation relations hold 

{Dt, D;} = 20^, [D*+, D-] = D«, 


(3.18) 


\D**,Dt] = \D-,D-] = 0, = = (3.19) 

®The constraint = 1 leaves in uf 3 degrees of freedom. One more degree of freedom is neutralized 

due to the strict preservation of the harmonic C/(l) charge in all invariant actions in the harmonic superspace. 
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We shall use the notation 


(D±)* = , (C±)=>“ = -le'^DtDtDi , 

(«*)' = , (D±)‘(9T)* = 1, (3.20) 


and the following conventions for the full and analytic superspace integration measures: 

= d6x(an) du{D-)\D+)\ {D-)\ (3.21) 

The measure has canonical dimension —2 and dC^~^^ — dimension —4. In what follows 

we will frequently suppress the subscript “(an)” of the analytic basis coordinate x and the 
integration measure. 

The harmonic integrals J F du are nonzero only if the integrand F has zero harmonic charge, 
D^F = 0. They can be computed using the rules 

1 

^{ejnekiemp + 5 more terms), (3.22) 






du u'j 


duu+u+u^u^ 


duuju+u^u^ui Up 


etc. 


3.3 Superfields 

A general 6D superheld depends on 8 odd coordinates (or 0^“), which makes their component 
expansion rather complicated. There is, however, an important class of superhelds, Grassmann- 
analytic superhelds, which are dehned on the analytic superspace 03.151) and so depend only 
on the half of the original Grassmann coordinates. The structure of Grassmann-analytic (G- 
analytic) superhelds is much simpler than that of a general superheld. 

A G-analytic superheld 0(0 satishes the constraint = 00. In the analytic basis, is 
reduced to the partial derivative d/d9~°‘ and this constraint simply means that 0 lives in the 
superspace 03.151) . 

The superhelds can be classihed according to their harmonic charge q, the eigenvalue of . 
The pure QD SYM theory is formulated in terms of the G-analytic anti-Hermitian superheld 
gauge potential which has charge -|-2 and is denoted It dehnes the covariant harmonic 

derivative 


V++ = D++ + 1/++ , 6V++ = -V++A , (3.23) 

where A = A(0 is an arbitrary analytic gauge parameter in the adjoint representation of the 
gauge group. It is convenient to introduce also a non-analytic gauge connection V which 
covariantizes the harmonic derivative D 

V” = D—+ 1/—, (51/—= -VA. (3.24) 

^It is quite analogous to the habitual chirality constraint Dap = 0 in four dimensions 
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Requiring and V to satisfy the same algebra as their flat counterparts, 


[v++,v--] = D°, 


(3.25) 


implies the harmonic zero-curvature condition 


D++V— - D—1/++ + [1/++, l/“] = 0 . (3.26) 

It can be used to solve for V in terms of V~^~^ as a series over products of V~^~^ taken at 
different harmonic “points”, 


v-(z,u) = j2(-ir 

n=l 


dui . . . dUn 


V++{z,Ui) ...V++{z,Un) 
(M+M|)(n^M^) ... {u+u+) ■ 


(3.27) 


Here, the factors (m+m^) etc are the harmonic distributions ra and the central basis coor¬ 
dinates z are dehned in fl3.1ip . 

For further use, note the following tensor relation between arbitrary variations of harmonic 
connections: 


5V— = (3.28) 

It follows from 

V”(5I/++ = V++(5I/— , (3.29) 

which in turn follows from (I3.26p . 

The connection V can be used to build up spinor and vector superheld connections, 

AVr) = -d:v-, A^(V) = ^D+D+V-, (3.30) 

and the corresponding covariant spinor and vector derivatives, 

, Vab = dab + Aab , (3.31) 

5^- = -V-A , 6 Aab = -VabA. (3.32) 

The covariant derivatives fl3.23l) . (13.241) . fl3.3ip and (in the G-analytic basis, it keeps its 
flat form = d^a-) obey the same (anti)commutation relations fl3.18p as the flat ones, 

|v--,Dj] = v;, |v++,v;] = Dy iv++,r>„+| = iv-,v„-| = o, 

p+,V,-| = 2iV„,. (3.33) 


In addition. 


[V++,Vab] =0. 


On the other hand, the commutators of spinor covariant derivatives with Vab do not vanish, 
[D^Vbc] = ieabcdW+\ [V:,Vbc] = |£abcdhF■^ (3.34) 


where are the covariant (1,0) spinor superheld strengths, 

lF-“ ;= VIF+“. 
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(3.35) 

(3.36) 















One can also define the G-analytic superfield 

F++ = = (D+) V— , D+F++ = 0 . (3.37) 

From the harmonic zero-curvature condition (13 .26^ and G-analyticity of V^~^, the important 
properties follow 


V++fF+“ = VfF-“ = 0, V++hF““ = fF+“ , (3.38) 

D+lF+“ = S^F++ , (3.39) 

V++F++ = 0. (3.40) 

Note that all these objects are homogeneously transformed by the gauge group 

= -[hF±“, A], SF++ = -[F++, A]. (3.41) 

More details on the algebra of gauge-covariant derivatives and the relevant Bianchi identities 
are collected in Appendix A. 

The matter hypermultiplet is described by a pair of the G-analytic superhelds ^'’''"^(C), ^ = 
1,2. If they belong to the real representation of the gauge group (e.g. the adjoint one), 
they can be subjected to the reality condition ^ where the ~ conjugation is the 

product of the ordinary complex conjugation and an antipodal map on the harmonic sphere 
5^ ~ SU{2)/U{1) (see [10] for details). Note that the gauge prepotentials dehned above, 
as well as the connections A~, Aab and covariant strengths are anti-Hermitian with 

respect to this generalized conjugation. Since, in what follows, we will deal with the adjoint 
hypermultiplets, it is worth giving how such transform under the gauge group action 

Sq+^ = -[q+^,A]. (3.42) 

Finally, we note the useful Lemma : 

y++^-n ^ Q ^ = 0 forn > 1, (3.43) 

where the A/" = (1,0) superheld F~'^ transforms in some representation of the gauge group 
and we suppressed the “color” indices. This statement can be proved by passing to the central 
basis of the harmonic superspace, where = d~^~^ , and the so called r-frame for the gauge 
helds, where and G is a harmonic superheld taking values in the algebra of 

the gauge group generators in the given representation and called “bridge”. For the superheld 
:= e'^^F~^ the constraint in fl3.43p implies = 0, whence F"" = 0 (see eqs. (4.20), 

(4.21) in [in]) and F”"" = 0. Note also that the constraint = 0, n > 0, implies 

F+n — pii-iny+^ .. .y+^ _ This property will be widely used in Sect. 7. 

4 Invariant actions of the J\f = (1,0) vector multiplet and 
a hypermultiplet 

In this section we present the actions of canonical dimension <7 = 4 containing the standard 
kinetic terms of the M = (1, 0) vector gauge multiplet and a hypermultiplet. 
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4.1 The dimension 4 Lagrangian of the gauge multiple! 

The superfield action providing the supersymmetric extension of the standard d = A Yang-Mills 
Lagrangian for the 6D gauge fields ~ Fmn) is given by the following expression which 

is non-local in harmonics na, 


qSYM 




n 


d^x d^O du^ ... du, 


V++{z,Ui)...V++{z,Un) 
^ ... («) 


(4.1) 


where / is a coupling constant carrying the dimension of inverse mass. This action is invariant 
under the supergauge transformations (recall fl3.23p . fl3.24p i 


hl/++ = - V++A. 


(4.2) 


The gauge freedom fl4.2p allows one to bring the superfield in the Wess-Zumino gauge, 


Y++ = e+^e+^Aab + 2{e+)lx-^-3ie+yv~-, 


(4.3) 


where Aab is the gauge field, is the gaugino and V = V^^u~u^, where 

are the auxiliary fields. The component fields entering fl4.3p depend only on the coordinates 
, but not on the harmonic variables. 

The component Lagrangian derived from fl4.ip has a simple form, 

C = + (4.4) 

with Fmn = SmAn — OnAm — i[AM,A]y] and Vm = — ^Am- It gives rise to the standard 

equations of motion of the second order for the gauge fields and of the first order for the 
fermions. 

These equations can be derived from the superfield equation of motion following from fl4.ip 
by using the general formula for variation of 5''^^^, 


^SSYM 



dZ6V++V— 


^Tr j dC^-^^6V^^F ++. 


This gives the extremely simple equation of motion 


(4.5) 


F++ = 0. 


(4.6) 


4.2 The dimension 4 hypermultiplet Lagrangian 

The invariant action for the hypermultiplet in the adjoint representation (being interested in 
J\f = (1,1) extension, we will deal only with this assignment of the hypermultiplet), giving 
rise to the Lagrangian of the canonical dimension 4, is given by the following integral over the 
analytic superspace 

S- = - Yty j , V++()+ = D*+q* + lV**,q+] . (4.7) 
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The coupling constant can be chosen the same as in , keeping in mind a freedom of 

rescaling of q~^^. The corresponding equation of motion is 

^+3 _ ^++q+ = 0 . (4.8) 

An equivalent form of the same equation is 

(V”)V^ = = 0, g-^:=V—(4.9) 

This can be proved by acting on the l.h.s. of fl4.9p by observing that the result is zero as 
a consequence of fl4.8p . and then applying the Lemma of the previous section. Note also the 
useful relations 


= -V„-9 




v:<r'< = o, 


(4.10) 


which follow from the analyticity of and the equations of motion fl4.9p . 

As an instructive example, we consider the superheld action of the free hypermultiplet 




(4.11) 


The corresponding equation of motion is 

D++q+^ = 0 


(4.12) 


The on-shell constraint (I4.12p together with the G-analyticity condition Dfq~^^ = 0 can be 
resolved to find 


, (4.13) 

where are physical harmonic-independent on-shell scalar helds. They satisfy the 

free equation of motion \Z\ip = 0. And "0^ are right-handed on-shell fermionic helds satisfying 
the free Dirac equation. 

4.3 The A/^=(l,l) SYM action and its hidden A/^=(0,1) 
supersymmetry 

We now consider the actions (14.ip and (14.7p together and write 

gVq+ ^ gSYM ^^£SYM _ j ^^(-4)^+Ay++^+^ ^ 

The sum (I4.14p exhibits invariance under the extra hidden J\f = (0,1) supersymmetry, 

= e+\+ , 6oq^^ = -{D+)\e2V -), e± = , (4.15) 

which completes the manifest J\f = (1,0) supersymmetry to Y = (1,1). This means that 
(I4.14P is in fact the J\f = (1,0) form of the M = (1,1) SYM theory action. Note a useful 
representation for the variation 6oq^^ through the superheld strengths and Wf': 

Soql = -eaA{9-^F++ - W+“). (4.16) 
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It is consistent with the analyticity of because of the analyticity of F++ and the relation 

(ICTD . 

The invariance fl4.15p is quite analogous to the hidden J\f = 2, AD supersymmetry which 
completes the manifest J\f = 2, AD supersymmetry of the sum of the harmonic superspace 
actions for the J\f = 2, AD SYM held and the adjoint hypermultiplet to M = A supersymmetry 
|inj . This sum is thus nothing but a representation of the M = A, AD SYM action in terms of 
AT = 2 superhelds. 

Like in the Af = A, AD case, the transformations fl4.15l) have the correct closure with 
themselves and with the manifest Af = (1, 0) supersymmetry only on mass shell, when the 
equations of motion corresponding to the action (I4.14p . 

E++ ;= F++ + i [g+^, gl] = 0 , E+3 ;= v++g+ = 0 , (4.17) 

are satished. 

A direct calculation shows that (^ 2^1 — Si 62 )V~^^ amounts to 

( 525 i — 6 i 62)V~^~^ = — f21[ab]dcdV~^^ , f21[ab] '■= ^2[aDb]A i ( 4 - 18 ) 

where 


A = (D+)- (4.19) 

is a gauge transformation superheld parameter. Thus, the hidden supersymmetry has the 
correct off-shell closure on V~^^. This is not the case for q~^. The same bracket yields 

(^2^1 - Si 62 )qA = [A, qX\ + f2i[ab\dcdqA “ {D^)%2A^iy~~ “ [Da^2V~~] , (4.20) 

where 5V is dehned from the relation 

5oY— = e-^V—q\ + 5V— , (4.21) 

and involves the terms vanishing on the hypermultiplet equations of motion (14.8p . (14.Op . Thus, 
in the full analogy with (12.4p . ((525i — Si 62 )q^^ involves a nontrivial extra term which vanishes 
only on mass shell. 

Let us now consider the commutators of the hidden supersymmetry with the manifest one, 
i.e. with 

= = + . (4.22) 

We hnd 

(Mo - *i)r++ = (.,“ef «+)<;J := /“«+ qt . (4.23) 

This variation can be identically rewritten as 

/'»„+ ,+ = V++(/®t<- 9+) - , (4.24) 

he., once again, it is reduced to some analytic gauge transformation of only on the hyper¬ 
multiplet mass shell, i.e., with = 0. 
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Analogously, 

(Wo - 6 oS)q+ = -[f^^u-q+, g+] - />" (^F++ + ^[g+^, g+]^ , (4.25) 

i.e., it is reduced to the pure gauge transformation on the mass shell for 1/++ . 

We conclude that the correct J\f = (1,1) closure of the transformations fl4.15p with them¬ 
selves and with the manifest W = (1, 0) transformations is achieved only on the mass shell for 
both superfields V~^~^ and . To avoid a possible confusion, we point out that the action 
(14.1411 is invariant under the transformations (14.1511 off shell, with V~^~^ and q~^^ being un¬ 
constrained analytic superfields. The mass-shell conditions are required to ensure the correct 
J\f = (1,1) closure for these transformations. 

It is instructive to see how the superfield equations of motion (I4.17P are transformed into 
each other under the transformations (14.1511 . Using the properties (I3.40p . we hnd 

6 oEf^ = -e+E++. (4.26) 

It is a little more complicated to see that the variation of E~^~^ is actually expressed through 
E~^^ and the alternative form (14.9p of the hypermultiplet equation of motion (14.811 . It is easy 
to show that 


5qV = e q\ + terms containing (V )^g+'® and . (4.27) 

Then it can be shown that the contribution of the first “dangerous” term in (I4.27P to 
is exactly canceled by the variation of the second term in E^^, so is expressed through 

the terms containing the equivalent forms (14.9p of the hypermultiplet equation of motion. 

In what follows we will meet the situation when the superfields involved in the M = (0,1) 
transformations above satisfy themselves the mass-shell equations (I4.17p . (14.8p or (14.9p . The 
various superhelds defined earlier are transformed on shell as 

= Sq^A _ ^ ^±a ^ ^4 28) 

- [e-^qf, . (4.29) 

Note that the transformation (14.2811 immediately follows from (14.1611 upon using the equation 
of motion E~^~^ = 0 from the set (I4.17p . 

We will need also the on-shell transformation rules for the spinor and vector derivatives of 

q±A. 

+ Kff ?J] - ef gj) - VtegJ], (4.30) 

>5(0:?^) = -^(V„-g+) = -£m D*W-'’ + (f |g+ g);] - |£-®g+. . (4,31) 

Note that the last terms in the variations (I4.28P - (I4.3ip are some field-dependent gauge transfor¬ 
mations and they do not contribute to the variation of the gauge-invariant Lagrangian involving 
the traces over the “color” indices. 


5 Higher-dimensional J\f = (1, 0) and J\f = (1,1) invariants 

Now we turn to the discussion of higher-dimensional invariants. As was mentioned in the very 
beginning, the pure 6 D gauge theories are chiral theories, they involve only the left-handed 
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gaugino field and hence are plagued by the chiral anomaly [Tj. In other words, gauge symmetry 
is broken there by quantum effects, which restricts their physical interest. Anomaly can be 
canceled and the gauge symmetry kept intact in the theories involving, besides the left-handed 
gauginos, also right-handed fermions belonging to the matter hypermultiplet. This condition is 
obviously satished in the M = (1,1) gauge theory. We will be mainly interested in this section 
in the on-shell M = (1,1) invariant gauge theory, which is written in terms of A/" = (1,0) 
superhelds and may or may not possess the full off-shell M = (1,0) supersymmetry. 

For a higher-dimensional operator to be a counterterm giving a logarithmically divergent 
contribution to the scattering amplitudes ~ InAf/y, it must not vanish on mass shell, but its 
supersymmetric variation under the on-shell M = (1,1) transformations should be reduced to 
a total derivative. We hrst discuss the operators of canonical dimension 6. 


5.1 d = Q 


It is very easy to write down the superfield gauge-invariant action of canonical physical dimen¬ 
sion 6 in the gauge held sector. It has the following unique form EH: 

4?« = {F**Y ■ (5.1) 

Here the coupling constant g is dimensionless 1^. The component expression for fIS.ip involves 
extra derivatives. 


S 



+ l(V„I>,i)" + VaV^’V/ + fermion terms 


(5.2) 


We see that the auxiliary helds of the Lagrangian fl4.4p enter the d = 6 Lagrangian with 
derivatives — the same phenomenon that we observed in Sect. 2 in a toy SQM model; the 
higher-dimensional Lagrangian fl5.2p is related to the Lagrangian fl4.4p in the same way as the 
higher-dimensional Lagrangian (I2.10p to the Witten Lagrangian (12.ip . 

We observe that the integrand in fIS.ip is just the square of the equation of motion fl4.6p and 
therefore this d = 6 action vanishes on mass shell modulo possible hypermultiplet terms. Now 
we are going to show that the same remains true for the d = 6 actions taking into account the 
hypermultiplet terms. 

One can write a series of new hypermultiplet d = 6 actions Sn representing full superspace 
integrals [55] , 


~ Tr y dudZq+^{V—)"iV^^)"-\i . (5.3) 

All the terms with n > 1 vanish on mass shell. Using fl3.37p . it is convenient to represent the 
non-vanishing action Si as an integral over the analytic superspace, 

Tr J dZq+^V—q^ = TT J dC^-^^ F++[qX,q+^] . (5.4) 

^Indeed, the superfields F++, F are dimensionless, and it follows that F++ defined in (13.371) has canonical 
dimension 2. 
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There is one more d = 6 interaction involving the hypermnltiplet held. It does not contain 
harmonic derivatives and is given by the analytic superspace integral, 

5'quart ~ Tr j dudC^~'^'> . (5.5) 

Thus, if disregarding the terms vanishing on the mass shell, a generic J\f = (1,0) invariant 
Lagrangian reads 





dud(^ 


(F+*f + af++|5+'‘, 5+] + q\f 


(5.6) 


The requirement that its M = (0,1) variation vanishes on mass shell imposes the restriction 
a = 2/5 + 1/2 such that the Lagrangian acquires the form 


^ ^ a ]) > ( 5 - 7 ) 

which vanishes on shell due to fl4.17l) . 

We have thus shown that the non-vanishing on-mass-shell counterterms of canonical dimen¬ 
sion 6 are absent, and this proves the one-loop hniteness of the theory fl4.14p . 

The fact that the algebra of extended supertransformations does not close off shell suggests 
that an action corresponding to fl5.7|) with some hxed /3, to which a series of the actions S'„ in 
fl5.3p with arbitrary coefficients is added, cannot be invariant off shell. Indeed, when one tries 
to construct such an invariant (the corresponding calculations are presented in Appendix B), 
one meets obstacles that seem to be unsurmount able. It is easy to see that, in order to ensure 
the cancellation of the terms oc (g"*")^ in the variation, the coefficient (3 in fl5.7p should be hxed 
to (3 = 1/4. But the linear in q'^^ terms do not want to be canceled among themselves, no 
matter what you try. 

We thus conjecture that a d = 6 off-shell M = (1,1) supersymmetric invariant does not 
exist E 


5.2 d = 8 

Once again, we begin with the gauge held sector and write appropriate oh-shell Af = (1, 0) 
supersymmetric gauge-invariant Lagrangians of canonical dimension d = 8, having in mind to 
extend them to the Af = (1,1) invariants by adding some hypermnltiplet terms. It turns out 
that all such purely gauge held terms vanish on the mass shell of 04.141) . in agreement with [7]. 
Then we write the full list of diherent possible d = 8 , Af = (1,0) superheld terms involving the 
hypermnltiplet contributions and demonstrate that, on the equations of motion corresponding 
to the total Af = (1,1) action 04.14p . they are all reduced to a single expression, which is not 
invariant under the hidden supersymmetry 04.15|) . 04.28P - 04.311) (and there is no way to make 
it invariant). 

We consider hrst the d = 8 terms in the pure gauge held sector. The SYM equations of 
motion are F~^~^ = 0. The vanishing of some structures (like Tr J dZ is obvious. 

We consider now a couple of less trivial examples. 

® We did not rigorously prove it, however — it is always difficult to prove the absence of something. 
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• Let 



Tr 


dZ (V-W+‘)(DiW-‘‘), 


(5.8) 


where hL “ = V PL’*'". We use the identity 

V-W+“ = D+W-“, (5.9) 

which is derived in Appendix A as a corollary of certain Bianchi identities. We obtain 

= Tr J . (5.10) 

The terms involving (Zl+)^(V“iy’''“) and (Zl+)"^(V“W+“) contain F++ and vanish on 
mass shell. We are left with the structure 


a e‘^fD:D+(V-W+‘‘)DtDI(V^W+'’). 

On mass shell, it is equivalent to 

OC PT+“}ee/6n{Ph+^ W+'} ~ W+“}{W+^ W+'} , 

which vanishes as the anticommutator {PT’*'™', PT+“} is symmetric under m a. 

• Let 

Sf'> = Tr y dZ {V-W+^){DtW-^). (5.11) 

Integrating by parts with respect to V~, using the commutation relation 

{I1+,V-} = 2iV,a = -2tVab = -{D+,V^}, (5.12) 

disregarding the terms involving F^~^, and integrating by parts once again, we reduce 
fimi) to dEHD. 

Now we turn to the general proof that there exist no J\f = (1, 0) supersymmetric off-shell 
invariants of the dimension 8 which could respect the on-shell J\f = (1,1) invariance. 

To this end, we construct the full set of the superfield Lagrangians of dimension 4 in the 
full AT =Xl)0) harmonic superspace (they correspond to the dimension 8 component La- 
grangiansjlj: 

L^w = V-pL-“Zl+PP^+\ = V-W+^D+W-^, = V-pL+'Zl+PP^-“, 

L^w = V-pP^+''V,-PL+“ , L® = D+W-^D+W-^ , (5.13) 

LW = Lf = [g+(^, g^] , if = [g"^, g:^][g+^, g+] . (5.14) 

Note that a conceivable term ~ PL+“VabPL“^ is reduced to the other structures in the list fl5.13p . 
fl5.14p by integrating by parts with respect to the spinor derivatives under the (undisplayed) 
trace. 

^*^For brevity, we omit here the Tr symbol with respect to “color” indices, but we will always have it in mind. 
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Using the off-shell relations flA.Sp . flA.4p and fl5.9p and also bearing in mind that } = 

{V~, V^} = 0, it is easy to show that all Lagrangians in the set fl5.13p are reduced to or to 

l!)^ , which in turn are related to each other by integrating by parts with respect to V . This 
proof is valid off shell and does not require passing to the analytic subspace at any intermediate 
step. 

Next, using the on-shell relations flA.Sp . it is straightforward to show that 


(on-shell) 


4 if 


(5.15) 


Also, using simple algebraic manipulations and integrating by parts with respect to harmonic 
derivatives, one can show that 


(on-shell) ■ 


(5.16) 


It remains to work out L 


( 1 ) 
<? • 


Integrating by parts, it can be reduced to 





(5.17) 


Using the on-shell relation flA.lQp and. 


once affain. 


inrpcrrnrincr rhp rprm n 


- - 1-5 1 


parts with respect to V“, one reduces L^q \ up to a total harmonic derivative, to . 

Thus, all possible superheld Lagrangians of the dimension 4 are reduced on mass shell to 
the single non-vanishing structure 


Lf = [q (lt\- ( 5 - 18 ) 

Bearing in mind the overall trace, the variation of under the hidden M = (0,1) supersym¬ 
metry fl4.28p is given by 

5,Lf ~ eaA[q-^, qsWq^^. • (5-19) 

It is non-vanishing, and no terms can be invented to cancel fl5.19p . Thus, no A/" = (1,1) invariant 
terms of the dimension 8 can be constructed out of the M = (1,0) superhelds. 

It is worth noting that in the hypermultiplet sector one can contemplate M = (1, 0) invari¬ 
ants which are not reduced to the product of “color” anticommutators as in fl5.18p . e.g., 

~ , or ~ g+^g'^g^g^ • (5.20) 


Nevertheless, it is impossible to ensure the mutual cancellations of the M = (0,1) variations of 
such terms, while keeping the requirement for the Lagrangian not to vanish on mass shell. To 
check this, we wrote down all the independent terms of this kind, calculated their variations 
(reducing 5q~^ = V 5q'^^ to through integrating by parts) and found the unique com¬ 
bination of such terms, ~ Tr {q^^q~Aq^^qs + q^'^q~^qiq~^ i the variation of which is zero up 
to a total harmonic derivative. However, it is easy to show that, on the mass shell of this 
combination is a total harmonic derivative on its own. 

Surprisingly, the d = 8 superheld expression which is non-vanishing on shell and respects 
the on-shell TV = (1,1) supersymmetry can be constructed if we give up the requirement of 
off-shell Af = (1, 0) supersymmetry. 
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5.3 On-shell M = (1, 0) and J\f = (1,1) invariants 

As the complete off-shell M = (1,1) superfield formalism is absent, it is not possible to write 
down operators of a fixed canonical dimension d > 4 which would be invariant off shell under 
the M = (1,1) transformations. This concerns the operators of dimension d = 8 and d = 10. 
However, in contrast to the case d = 6, the on-shell d = 8 and d = 10 invariants exist, and it is 
possible to find them. The basic idea is to seek for the invariants, in which not only the hidden 
J\f = (0,1) supersymmetry is realized on shell, but which are J\f = (1, 0) supersymmetric also 
only on shell. 

Once again, we start our consideration from the simple example in the gauge held sector. If 
we lift the requirement of off-shell J\f = (1,0) supersymmetry, we can dehne the non-vanishing 
d = 8 operators that are supersymmetric only on mass shell. One of them reads 

) = ^Tr J dC^-^^ , (5.21) 


where the factor ^ was introduced for further convenience. Indeed, eq. fl3.39p tells us that 
which vanishes on mass shell. Thus, when disregarding the terms propor¬ 
tional to the equations of motion, is a G-analytic superheld and so the action fl5.2ip 

respects AA = (1,0) supersymmetry on shell 0. Being expressed through components, the 
bosonic part of fl5.2ip gives the known structure [47] . 


bos — 


2 • 81 


-Tr 


(«) 


op T?MN jp TpPQ J- TP TP TP^^TpPQ 
‘^-rMN-T rpQ-T rMN-rpO-n P 


MNPPQT 


A jpNM TP TP^^ TP S jpNM jp jp jpRQ 
— P MRP PSN — OP PmQPNRP 


This expression can be derived using the component representation for lT+“ [ST] 145] , 


(5.22) 


W^°' = + fermion terms -|- terms vanishing on shell -|- OU9~^)'^], (5.23) 

6 


as well as the identities fl3.5p . fl3.6p . Note the presence of the symmetrized color traces Tr(s) ~ 
T:tX{YZU + UYZ + ZUY) in (Km . 

This tensor structure reproduces indeed the so-called tg tensor obtained in the tree-level 
four-gluon scattering amplitude HU- The complete component form of the associated super- 
symmetry invariant in six dimensions was first obtained in [40] . 

It is also possible to write down an on-shell J\f = (1,0) supersymmetric invariant involving 
the product of two color traces. 



1 j. 


(5.24) 


The next step is to seek for the on-shell M = (1,1) completion of the d = 8 terms fl5.2ip and 
fl5.24p . Clearly, it should be a collection of terms containing the hypermultiplet superheld 
First one should construct the full list of the dimension d = 8 operators which are G-analytic 
on the shell of the full set of equations of motion following from the action fl4.14p . i.e. eqs. 

^^Note that a similar on-shell invariant appears as a one-loop contribution to the quantum effective action of 
the J\f = (1, 0) gauge theory in the QD harmonic superspace in a special background jJS]. 


22 
























04.171) and 04.8p [or 04.9p ]. Next one needs to select the M = (0,1) invariant combination of 
such operators (if it exists). 

The minimal on-shell G-analytic extension of 05.2ip [i.e. the expression analytic as a con¬ 
sequence of the full set of equations 04.17p . 04.Sp ] is given by the following expression: 


Lt" = Tr 


fT+“D+g-^[g+(g+)2 + + {q-^fDU~^{q\W+^ + 

1 


-2{q+f[q-W{q-^f + . 


(5.25) 


where (g"*")^ := g^^^g^ = ^[g"'""^) g^] • The full list of other possible <7 = 8 superheld G-analytic 
terms involving the single trace is given in Appendix G. It is shown there that, by integrating 
by parts, they all can be reduced to the two independent structures, and [eqs. 0G.3P 
and 0G.4p ]. Then the M = (1,1) supersymmetric combination is uniquely determined to be 


/’+4 _ r _L r+‘^ 

'^(1,1) ~ -^0 “T -^3 


(5.26) 


It is instructive to see how the proof goes on in the abelian case. Passing to the abelian 
limit in (I5.25p and 0G.4p . we write 


= ^£a6cdfT+“IT+'lT+W+" + 32g+^a,bg+IT+W+'-g+^a,bg+g+^a“'g+ 

_ n+i _i_ n+i _|_ n+i 

— ^{I) ^ ^{II) ^{III) ■ 

Our task is to prove that it is invariant on mass shell under the transformations 


(6.27) 


Sq*^ = ,:iV 


T'+a 


= -2iefd^W. 


(5.28) 


It is easy to see that the linear in g terms in the sum of and vanish. We are left 


with 


'(II) 


A := = 6ef £“'='''^g+^aafeg+ d^eq^ IP+', 


(5.29) 


The variation of is 




(5.30) 


To see the cancellation of fl5.29p and fl5.30p . one should use the cyclic identities 

^abcdjre , ^bcdejra , ^cdeajrb , ^deabjirc , ^eabc^d n 

e Of + e Of + e Oc + e Of + e Of =0, 


.ab^c^^bc^a^^ca^b ^ Q 




(5.31) 


and the equations of motion dabW^^ = 0, Dg^^ = 0. 
Namely, we represent 


A = -6ef g+^a„bg+ d^eq^ W+f 4- =A + B + C + V (5.32) 
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and then observe that A = —A, IS = and 

C = V = -6ef ddeql • (5.33) 

Next, nsing the second identity in (15.311) and integrating by parts, we derive that (on shell !) 
C = —A — C and hence C = —A/2. This gives 

A = -A-3<5£+/,,)-^A-iA, 


and, hnally, A = 

The proof in the non-abelian case is mnch more complicated since there is a lot of varions 
terms coming from different sonrces. Nevertheless, we checked that fl5.26p is still invariant up 
to a total derivative. However, this direct method is very cumbersome and it is natural to 
seek for another more universal and easier approach. It will be developed in the next sections. 
As the important preparatory step, we note here that fl5.26p admits the following equivalent 
representation through the symmetrized trace: 

= Tr( 5 ) { - q+^Vatql 

(5.34) 

The subscript S stands for the symmetrization, meaning that the expression is symmetrized 
with respect to the permutation of the four arguments, 

Tr(s) (^AiA2A^A^ 

= —Tr^AiA2A3A4 + A 2 A 3 A 1 A 4 + A 3 A 1 A 2 A 4 + A 3 A 2 A 4 A 4 + A 2 A 1 A 3 A 4 + AiA^A2A4^, 

any commutator being understood as one argument. One can now directly verify, in particular, 
that 


where + \ [q'^^, q'^ = 0 . This vanishes on mass shell. 

Our hnal comment in this section is that the double-trace invariant fl5.24p also admits an 
M = (1,1) completion. Here we present only the minimal G-analytic extension [analogous to 
the extension (I5.25p ]. It reads 


= i^afecdTr {W+^W+^) Tr (iy+W+") - *Tr {Vabq^^qX) Tr {W+^W+’^) 

+ Tr (Dtq-^q^) Tr[iy+“(g+)2] - Tr (g-^g+) Tr [(g+)^(g+)2] . (5.35) 


It is straightforward to check that this expression is indeed annihilated by on the mass shell. 
There exists a freedom of adding other on-shell analytic Lagrangians, like in the single-trace 
case. They all vanish in the limit of vanishing q'^^. 

The double-trace analog of the on-shell Af = (1,1) invariant fl5.26p . fl5.34p will be derived 
in the next sections, based on the universal method we are going to expose now. 
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6 On-shell J\f = (1,1) harmonic superfields 

The most convenient way to constrnct on-shell M = (1,1) invariants of the type we discussed 
in the subsection 5.3 is to define the on-shell superfields living in extended harmonic M = (1,1) 
superspace. This and the next two sections are devoted to this subject. Extended on-shell 
superhelds of the similar kind were hrst discussed in [39l [7], but not in the framework of 
harmonic superspace. We will see that “harmonization”, introduced hrst in [8], helps a lot. In 
particular, it allowed us to resolve explicitly a set of constraints which the on-shell M = (1,1) 
SYM superhelds must obey. 

6.1 The standard and harmonic Af = (1,1) superspaces 

We introduce the extended superspace involving, in addition to the odd pseudoreal left-handed 
variables also the odd pseudoreal right-handed variables 6^ {A = 1,2), which belong to 
another spinor representation, 

z = ^ i = ( 6 . 1 ) 


We then consider the covariant spinor derivatives. 



(6.2) 

where A\ and are the spinor connections and the convention 

The superhelds A\, are not arbitrary, but satisfy the constraints 

Vcd is assumed. 

{Vi'.V(>} = {W<’,V“)}=0, 

(6.3) 

{v;.v“} = 

(6.4) 

Bearing in mind the Bianchi identities, the constraints fl6.3p and fjb.ip imply 



(6.5) 

The constraints fl6.3p. fjb.ip, written in |39ll7], dehne the M = (1,1), QD supersymmetric Yang- 
Mills theory. They are known to imply the equations of motion for the superhelds involved. 
Below we will show how this property comes about in the harmonic superheld formalism. 

We introduce now the harmonics which parametrize the second SU{2) automorphism 

group acting on the indices A and have the same properties as uf. Note, in particular, the 
identities 

U Uj^ — 1, Uj^Uj^ UjUj^ — (^AB ■ 

(6.6) 

Resnectivelv. we extend the M = fl. O') harmonic sunersoace (13.121) to the M = 
superspace 

(1,1) harmonic 

Z = (1^9“, tip ^ Z=(:Ey9“,9Pt,pt,±). 

(6.7) 
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The analytic basis of this extended harmonic superspace is dehned as the set of coordinates 


^(an) = 


dzo. /)± 


(6.8) 


where 6^ := and 

+(6.9) 

Next we define the harmonic projection It is clear from fl6.5p and from the 

fact that (()'^^ does not depend on and u'^ that satishes the constraints 

V+0++ = = c}++0++ = 0, (6.10) 

where 

v:=v>+ v+“=v“M. 

The spinor covariant derivatives obviously commute with c?’*'’'' and S’*"’''. The full set of dehning 
(anti)commutators of the gauge M = (1,1),6Z1 theory in the central basis of the considered 
bi-harmonic superspace are 

{Vj.vp = {V+“,V«} = 0, (6.12) 

{V:,V+‘} = (6.13) 

P*’". v:i = ia++, VJ] = |a++, V«| = |a++, v«| = o. (e.u) 

Note that, having dehned this set, we do not longer need to assume in advance that the -|- 
and + components of the spinor derivatives are as in fl6.1ip . It is the relations fl6.14l) which 
force them to be linear in harmonics. Thus, the extended set of constraints fl6.12p - fl6.14p is 
fully equivalent to the original constraints fl6.3p . fl6.4p without any additional assumptions. The 
constraints (I6.10p naturally arise as a consequence of Bianchi identities for (I6.12p - (16.141) . 

6.2 Prom the central basis to the analytic basis 

As usual in the harmonic superspace approach, at the next steps we should pass to the analytic 
basis in order to solve the above constraints in terms of the appropriate analytic superheld 
prepotentials and, in particular, to hnd the explicit form of the basic superheld strength . 
Due to the relation fl6.13p . the analyticities associated with the harmonic sets uf and cannot 
be made manifest simultaneously. In what follows, we will choose the basis in which the spinor 
derivative V’*'" is short, = d/d9~ , so that the “hat” analyticity is manifest. 

Consider hrst the abelian case, which is much simpler. Our task is to hnd a held 
that satishes the constraints (I6.10p . In the abelian case, the held does not carry a charge 
with respect to the gauge U{1) group, and, as a result, the constraints Vpp'^~^ = = 0 

amount to D'pp'^~^ = D~^°'p'^~^ = 0 with hat spinor derivatives. The anticommutator {D+, D~^^} 
vanishes, so these derivatives can be made “short” by passing to the double analytic basis, where 
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= djdO “ and = djdO^ . On the contrary, the harmonic derivatives in this basis are 
lengthened: 


L)++ = d++ + 


d 


D++ = d++ + + ef 


de-^' 

d 


de- 


(6.15) 


It is not difficnlt now to resolve the abelian constraints fl6.10p . The solntion reads 


0++ = V3++ - 6'+“^/’+ - 6'+A+“ + - i6'+“6'+'’aafeV3"+ 

6 

- . (6. i6) 

Here, the fermionic helds satisfy the Dirac eqnations cIabA“ = d°'^'ipa = 0, the scalar held satishes 
□(^ = 0 and F\ = {<j^^)%Fmn- We see that the snperheld satisfying onr constraints 
antomatically satishes also the eqnations of motion, i.e. it is an on-shell snperheld. 

For sure, this should not come as a surprise. The same is true for the free hypermultiplet 
snperheld q~^ in the usual Af = (1, 0) superspace. In the abelian case, this snperheld satishes 
the constraints D~^q~^ = D~^~^q~^ = 0. Its component expansion in the analytic basis is given by 
04.131) . with scalar and fermionic helds satisfying the free equations of motion. The component 
expansion 06.161) of the free snperheld represents an obvious generalization of 04.13P 0. 

Now we come back to the general non-abelian case. Consider the constraint = 0. 

Its generic solution is 

V+“ = (6.17) 


where H is a general bi-harmonic snperheld (often called bridge). It is convenient now to 
perform the similarity transformation 

y+a ^ ^++ ^ ^-iV^++^ y+ ^ 


and dehne 


V++ ^ = a++ + I/++, V++ = 

i/++ ;= e-*^ (a++e*^) , H++ := . 


d++ + i/++ , (6.19) 
( 6 . 20 ) 


The transformed spinor derivatives still satisfy the algebra 06.12p - 06.14p and commute with 
the transformed harmonic derivatives (which involve now nontrivial harmonic connections 
and I7++). As was anticipated, to resolve the constraints, we go to the “hat-analytic” basis 0, 
where D~^'^ = d/d9~°‘ and goes over to D++ dehned in fl6.15p . 

In the next section we will solve the system of constraints 

V+0++ = = V++0++ = V++0++ = 0, (6.21) 

is also possible to define the off-shell harmonic N = (1,0) superfield whose expansion into harmonics 
gives an infinite number of degrees of freedom. For the superfield d"*”*", this seems to be impossible. 

performing the similarity transformation and going to this basis, we can get rid only of one of the spinor 
connections, which we have chosen to be A^°‘. Alternatively, one could suppress Af . 
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with the spinor and harmonic covariant derivatives given in the analytic basis and frame and 
satisfying the algebra 


{V+,V+} = {D+“,D+'} = 0, (6.22) 

(6.23) 

[V++, v+] = [V++, V+] = [V++, = [V++, = 0 , (6.24) 

[V++,V++] = 0, (6.25) 


which directly follows from the constraints fl6.12|) - fl6.14l) written in the central basis. 

One can now verify that an explicit solution of the system of equations fl6.22l) - fl6.25p is 

vj = D* - «+,+- + . (6.26) 


V 


++ _ 


= iW .4“" - Bp- 




(6.27) 


and 





(6.28) 


Here the objects and hh’*'", as well as entering the covariant deriva¬ 

tive are the M = (1, 0) superfields discussed in the previous sections. For self-consistency, 
they should satisfy their equations of motion, e.g., = 0. In the next section, we will 

present an accurate derivation of this solution from the set of constraints fl6.22p - fl6.25p and 
show thereby that the solution fl6.26p - f|6.28p is unigue. We will also derive the variations of the 
on-shell superhelds and under the J\f = (0,1) supersymmetry transformations and 
demonstrate that the particular representation fl6.27p for the gauge superheld V~^~^ in fl6.27p is 
none other than the appropriate Wess-Zumino gauge choice for it. 

In the abelian case, the commutators vanish, the covariant derivative is replaced by 
the ordinary one, and the superheld (16.281) is reduced to the abelian superheld fl6.16p (A“ being 
the lowest component of Note that the non-abelian expression for does not enjoy 

anymore the symmetry under interchange 6^6. That is due to our choice to work in the 
frame, where the hatted spin connection vanishes. 

To close this section, we write the variations of the superhelds (16.271) . (16.281) under the 
J\f = (0,1) supertransformations, just anticipating their derivation in the next section: 


(5H++ = -ei 


. d 


H++ - 2ie-0+a“V^^ + , 


(6.29) 
































where the field-dependent compensating gauge parameter is given by the expression 

A'"”’’’ = 

9"l ■ (6-31) 

The first two terms in fl6.30l) and fl6.29p are induced by the supersymmetric variations of 6'^ 
and The third term is an extra gauge transformation needed to preserve the Wess-Zumino 
form of the superfield after the supersymmetry transformation. It is worth pointing out 
that the simple form fl6.3Up and fl6.29p of the hidden J\f = (0,1) transformations is obtained, 
provided that the involved Af = (1, 0) superfields are subject to their equations of motion. At 
the same time, under the manifest Af = (1, 0) supersymmetry the expressions fl6.28p and fl6.27p 
behave as the standard off-shell Af = (1,0) harmonic superfields. 

In fact, the transformations fl6.30p and fl6.29p can be derived directly from the on-shell 
transformation laws fl4.28p - fl4.3ip of the involved Af = (1,0) superfields, using the identities 
listed in Appendix A. 

7 Solving the Af = (1,1) SYM constraints in terms of 
Af = (1,0) superfields 

In this section, we solve the constraints in the analytic basis and frame and show that their 
general solution is given by eqs. fl6.26p . fl6.27p . fl6.28p . 

7.1 Input and gauge-fixing 

We start with the whole set of constraints fl6.12p - 06.141) written in a more detailed form, 

(a) {V^ V+} = 0, (b) {D+% D+n = 0 , (c) {V+, D+n = , (7.1) 

(a) [V++,V+]=0, (b) [V++,V+] = 0, (c) [V++,Zl“+] = 0, (d) [V++, = 0, (7.2) 

[y++,V++]=o. (7.3) 

Here 

v: = d:+A i(z) , (7.4) 

and the “hatted” spinor derivatives were chosen to be short, = 71^“ = dld9~ 0. Thus, in 
the chosen basis, the “hatted” G-analyticity is manifest!^ and the constraints 07.2b ) and 07.2ti l 

^^One can always get rid of the spinor connection A in the covariant derivatives capitalizing on their 

anticommutativity in any basis and frame. 

^®In the general non-abelian case, one cannot make simultaneously manifest both the hatted and unhatted 
G-analyticities because of the non-vanishing anticommutator (EB). 
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imply that both harmonic gauge connections in the harmonic derivatives and are 
independent of the coordinates 6^: 

V++= D++ + 1/++(C), V++= D++ + 1/++(C), (7.5) 

where ( = ^a)- what follows, we omit the index “(an)” for the analytic 

coordinate x. We use the notation in order to distinguish this harmonic derivative acting 
in the full Af = (1,1) superspace from its M = ( 1 , 0 ) counterpart. 

At this step, both harmonic connections are arbitrary functions of the hatted analytic 
coordinates and the harmonics u^, as well as of the full set of the TV = ( 1 , 0 ) harmonic 
superspace coordinates. They are transformed with the hat-analytic superfield parameter A((C): 

5V++ = V++A(C), (7.6) 

51/++ = V++A(C). (7.7) 

The constraints fl7.2b i and fl7.2ti i imply no other consequences. 

As the next steps, we wish to show that the dependence of the harmonic connections V~^~^ 
and on the coordinates 0+, can be drastically simplihed (i) by choosing the Wess- 
Zumino- type gauge for and (ii) by exploiting the constraint fl7.3p for V~^~^ (see the next 
subsection). 

It is straightforward to see that the gauge freedom associated with the superheld transfor¬ 
mation parameter A((^) can be partially fixed by putting in the “short ” formic 

1/++= = . (7.8) 

where 99 ^ and are some TV = ( 1 , 0 ) harmonic superfields, still arbitrary at this step. 

While passing to fl7.8p . the (6 *+, m^) dependence of A((^) was fully used up, so the residual gauge 
freedom is associated with the gauge function Aint(a:, uf, 6*^“), A —)■ Aint. Note that this gauge 
parameter still depends on 9~°‘. Now we are going to show that this dependence can be hxed 
by a further gauge choice. 

To this end, we need to inspect the structure of the spinor derivative = D'^ + First 
of all, the Bianchi identities, following from the full set fl7.ip . imply the G-analyticity conditions 
for ^ 

(a) IT+“0++ = 0, (b) V+0++ = 0. (7.9) 

Postponing the discussion of the condition fl7.9b i to the next subsection, we focus here on the 
constraint fl7.9h i. Due to the “shortness” of it implies that does not depend on 6~. 
In addition, this constraint together with fl7.1b ) uniquely hxes the spinor connection to be 

= + (7.10) 

where 

. 4 ^ = /++. ( 7 . 11 ) 

^®For further convenience, we use the abbreviations := Of , tf'D ;= £“*"='^0+0^0+0j". The 

identities 9+9+9+ = leabcd^+^‘^ , hold. 
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The component superfields in this expansion depend on both the M = (1,0) coordinates (in¬ 
cluding the harmonics uf) and the extra harmonics u^. 

One of the consequences of the constraint fl7.1h i is 

DtK + Dn :+{/:, A+}=0, (7,12) 

whence where v is an additional “bridge” which does not depend on 0+ 

(because does not). Using this bridge, we can pass to the frame where = 0 and the 
residual gauge group is represented by the standard analytic superfield parameter A((C) of the 
M = (1,0) gauge theory. Indeed, the residual gauge transformations preserving the condition 
= 0 commute with D^, whence D^A = 0. 

Hereafter, we will use the spinor connection in the form (17.1 Oh . (I7.1ip with the condition 


J a 


= 0 , 


and the following 6'^ expansions for the hat-analytic superfields and 




= q 


++ 




= U++ + 0+U++ 




(7.13) 


(7.14) 

(7.15) 


In fl7.14p . fl7.15p we introduced the notation IU+“ and having in mind that these 

quantities will be finally identified with the J\f = (1, 0) superfields considered before. However, 
at the present stage, all the coefficients in the expansions fl7.14p . fl7.15p are still generic Af = 
(1,0) superfields involving an extra dependence on the harmonics u^. 

Now we are ready to explore all the consequences of the constraints fl7.ip - fl7.3p . 


7.2 Harmonic equations 

We start by showing that does not actually depend on the coordinates 6^+ and u^, if fixing 
the gauge as in fl7.8p . This follows from the constraint fl7.3p . which amounts to the mixed 
“harmonic flatness” condition 


£)++■!/++ _ L)++'(7++ + [-(7++, ■!/++] = 0. (7.16) 

Substituting the WZ expression fl7.8p for U++ and equating to zero the coefficients in the 9~ 
expansion of the l.h.s. of fl7.16p . we find the set of equations 


d++v++ = 0, = 0 , (7.17) 

^++y++--afe _ _ gaby++^ ^ g ^ 

^++^++-3 _ v++(pfu;^ = 0 , (7.19) 

a++u++-^ - = 0 . (7.20) 


Eqs. fl7.17p imply the independence of of the harmonics and, bearing in mind the 
Lemma (I3.43p . also the condition 

y++-“ = 0. (7.21) 
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Already at this step we can identify \d++ with the familiar from the previous sections harmonic 
M = (1, 0) gauge potential, since the - independent part of the constraint fl7.2b i is equivalent 
to the M = (1, 0) G-analyticity condition, f|7.2b ) —)■ = 0 . 

Eq. (I7.18|l is equivalent to two separate equations, the one for which implies 


^ + + — ab ^ g ^ 

(7.22) 

and another independent condition arising in the zero order in 

y++^a6 _ Qaby++ ^ g _ 

(7.23) 

Analoeouslv. the remaininEr equations (I7.19p and (I7.2np implv 

U++-3 = t;++-4 = 0 , 

(7.24) 

as well as 

V++(p^ = 0 , = 0 . 

(7.26) 

Thus, we derived that 

y++ = ■j/++^ V++ = V++ . 

(7.26) 


We have also obtained the harmonic constraints (17.231) and (17.251) . Note that (I7.23P is equivalent 
to the vanishing of the commutator 


[V++, V“'’] = 0, + 


(7.27) 


The constraint (I7.3p has thereby been fully used and solved. 

Our next task is to further £x the spinor connection (I7.10p . It involves the superfield . 
Consider it in more details. Besides the G-analyticity conditions (17.9p . it satisfies the harmonic 
constraints 


(a) V++0++ = 0; (b) V++0++ = 0 , 


(7.28) 


which also come out as the Bianchi identities [they are derived by commuting both sides of 
(I7.1b [) with and and taking into account the constraints (I7.2p ]. Eq. (|7.28h ) 

amounts to the following set of equations for the M = (1, 0) components in the expansion 

dZH: 


+A,+ 


u 


A ) 


g++g++ = 0 ^ = g 

g++^+-ab ^ = 0 ^ 

= 0, 


ab — 


- _ 


q' :=q 


u 


A ’ 




d++G+-^ + 


+ [D-^g++] + ^{(^-,W+“} = 0, 


(7.29) 

(7.30) 

(7.31) 

(7.32) 


where Eqs. (I7.3ip and (I7.32p amount to the equations for defining the 

superhelds G^~^, G~^~^ and to the additional self-consistency conditions which appear in the 
zero order in harmonics , 


+ 6{(p^, W+n - 16[P^^, g+] = 0 . 
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(7.33) 

(7.34) 

































These self-consistency conditions can be shown to be satished on the hnal solution of the 
constraints. The harmonic equations for G^~‘^ and uniquely £x these superhelds as 


G+“’= . (7.35) 

When deducing these solutions, we made use of the reduction relations 

u\ub = + ^eab , u~^UbUc = + \ {^caUb + ecBUA) . 

Eq. fl7.28b ) also implies 


a++W+“ = 0 , (7.36) 

which means independence of of the hatted harmonics. 

Thus, we have fully hxed the u\^u~b dependence in the expansion fl7.14p of (/>++. At this 
stage, it is instructive to write in the form which takes into account the explicit solutions 
given above. 


4 >** = - 9+14'+“ - i9+9+V“‘9++«J - 9+®1«^«b 


_i4,+*fD“is,,+C]a-u-u- 


c • 


(7.37) 


Now we are ready to explore the conditions imposed by the second harmonic constraint 
(17.28b ). It implies 

V++g++ = 0 , V++W+“ = 0 , V++V'^'’g+- = 0 , = 0 . (7.38) 

The first of these equations is recognized as the equation of motion for the hypermultiplet, 
so already at this step we can identify with the M = (1,0) hypermultiplet superfield 
of the previous sections. Its analyticity follows from the G-analyticity condition fl7.9b ) (see 
below). The second constraint coincides with fl3.38p . The third harmonic equation in fl7.38p is 
satisfied as a consequence of the first one and fl7.27p . The last two equations are satisfied as a 
consequence of the hrst equation and the constraints (17.231) and (I7.25p . 

Now we can come back to the problem of the ultimate hxing of the spinor connection . 
This hxing is accomplished by the constraint (17.2h ). Like in the case of V~^~^ and the constraint 
fl7.3p . eq. fl7.2h l eliminates all the negatively charged components in the expansion (17.lip [with 
the condition (I7.13p ]. except for the first term fa~^, 


J a 


——be 


= ft" = fr^ = 0, 


+-4 


(7.39) 


whereas /+ ° is fixed as 


St-" = -<9 


b^+A^,- 


U 


A- 


(7.40) 
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Simultaneously we obtain a few differential conditions relating the M = (1, 0) components of 
to those of dehned in flT.Sp . These are as follows: 

D*A'“ = ^ - «lV+‘) , (7.41) 

■ (7.42) 

jbl'",9+®)| = 0. (7.43) 

Like in the previous cases, these extra equations are self-consistency conditions which are 
identically satished for the general solution of all constraints. As we will see, eq. fl7.4ip plays 
the especially important role, giving rise to the expression of hL+“ in terms of the Af = (1,0) 
analytic potential V~^^. 

The hnal form for the spinor connection that takes into account the solutions fl7.39p . 

dzaoi) is 

• (7.44) 

It remains to work out the conditions following from the G-analyticity constraint fl7.9b L 
Using the explicit expressions fl7.44p . fl7.37p . we hnd that fl7.9b i amounts to the following set 
of equations: 

D.v+ = o, CJir+'’ = <5‘l<)+-,«++] =P.45) 
D+V'V- - ^ irq) = 0. (7.46) 

Wq+«>] = 0, (7.47) 

p+p(.4fl_ ^+C)] ^ 3 [^+(a_ [^b ^+c)]] ^ g ^ p 4g) 

The hrst equation in fl7.45p provides the standard analyticity condition for the hypermultiplet 
while the second equation is going to become the equation of motion for the M = (1, 0) 
analytic potential V~^^. The remaining equations prove to be satished as a consequence of the 
basic equations of motion. 

At last, it is straightforward to check that the constraint fl7.1h i does not result in any 
new restrictions and is identically satished as a consequence of G-analyticity of q~^~ and the 
condition fl7.9b ). 

Let us discuss the peculiarities of the realization of the hidden supersymmetry in the con¬ 
sidered frame. As usual, to preserve the Wess-Zumino gauge fl7.8p . one needs to make a com¬ 
pensating gauge transformation. The appropriate gauge parameter is easily found to be 

= 2 ,rXA“- +■ ( 7 . 49 ) 

Besides this, one needs to preserve the “short” form of the spinor connection fl7.44p . The 
appropriate compensating gauge parameter is 

= '"dl. (7.50) 
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such that the total compensating gauge parameter is 


^(comp) _ ^ ^(comp) _ 

Correspondingly, the hidden supersymmetry transformations of and are 

hl/++ = -e+-^l/++ - 2ie-0+a“V++ + \/A^{comp) 
a dQ+ a b 

Note that does not contribute to fl7.52p . 

Since all superhelds should undergo the same compensating gauge transformation under the 
hidden supersymmetry, one can wonder what happens in the case of V~^^. Its transformation 
law looks as 


(7.52) 

(7.53) 


hl/++ = -2ie-0+a“V++ + (7.54) 

and seemingly contradicts the fact that V~^~^ should not depend on the hatted coordinates. 
However, let us look at Using the constraints fl7.25p and fl7.23p . we hnd 

y++^(comp) _ 2ie-0+a“V++ + V++(e-^g^) . 

The hrst term cancels the unwanted term in fl7.54l) . while the second term, with taking into 
account the on-shell condition = 0, yields the already known transformation law of 

under the hidden supersymmetry, 

^U++ = e+^g;^ . (7.55) 

In a similar way, by considering the transformation of the superheld under the hatted 
supersymmetry, one can derive the hidden supersymmetry transformations of its A/" = (1,0) 
superheld components and 1U’''“. 

At this stage, we succeeded to express all the involved geometric quantities of the Af = (1,1) 
gauge theory in terms of the Af = (1,0) superhelds appearing in the 6~^ expansion of V~^~^ in 
the WZ gauge 07.81) : the hypermultiplet q~^^ and the Af = (1, 0) superheld lU+“, which is going 
to become the covariant Af = (1, 0) superheld strength considered in the previous sections. It 
remains to relate the superhelds in 07.8p to the known Af = (1,0) superhelds in a pure algebraic 
way, without solving various diherential conditions deduced above. This can be achieved by 
requiring for the vector superheld connections derived in the hatted and unhatted sectors to 
coincide (our superspace involves hatted and unhatted odd coordinates, but only one set of 
bosonic coordinates x^). 

7.3 Identifying vector connections 

Let us now proceed to the vector connections. 
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We consider first the unhatted sector. Since includes 6*^, its counterpart V“ should also 
include now such a dependencJ^. and the same concerns the full M = (1,1) superheld vector 
connection. We dehne V“ in the standard way: 

v;:=-d; + .4; = [v--,v:], .4„-= A'™ - "h" + e;v--,#.++, (7.56) 


where 


V— = D—+ 1/—, 


(7.57) 


V is the same as in the previous sections [it is constructed from V~^~^ by the harmonic zero 
curvature equation fl3.25H ] and = —D^V . The relevant full superheld vector connection 
is dehned in the standard way: 


{V:,Vi(} = 2»(8„i + VA. Ki, = i(v:A + . (7.58) 

= Aj + 

+ 9t9h9+“,<ri -d«4"[9+", V—A1 + 

+ A9j-1A+.V-A+]). Ai = ^ A*A"'"’■ (7.59) 


It has the restricted 9~ dependence (only the terms of the hrst and second order in 9~), but 
includes all monomials. 

On the other hand, one can perform an analogous construction for the derivatives with 
hatted indices. We dehne the relevant second harmonic connection V from the hatted hatness 
relation 


D++V-- - D--V++ + [1/++, 'O--] = 0 (7.60) 

and then introduce the hatted spinor and vector connections as 

[V--,D+“] := = + =-^1/--, (7.61) 

99- 

■ o O 

{D+“,V"^} = 2i(a“^ + V“^), W'’= ^^^1/--, (7.62) 

where V = D + V . 

The calculation of V is the most boring part of the whole story. We parametrize the 0“ 
expansion of V as 

V-- = i9-9^v‘^^ + + T . (7.63) 

All coefficients here are hat-analytic Af = (1, 0) superhelds, the and 9J^ dependence of which 
will be strictly hxed by the corresponding hat-harmonic equations following from fl7.60p . The 
possible terms of the zeroth and hrst orders in 9- can be shown to vanish by the same mechanism 

is thus not the same as V~ in (13.321) . We have chosen, however, not to invent other notation and hope 
that this will not lead to confusion. 
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as in the previous examples: their 6~^ expansions contain only components with negative “hat” 
charges and these components are killed by the equations like = 0 —)■ = 0, 

following from fl7.60p . 

The 6~ expansion of the l.h.s. of the constraint (17.60^ contains the Grassmann monomials 
of the hrst, second, third and fourth degrees. Equating the corresponding coefficients to zero, 


we obtain the following set of equations: 

= 0 , (7.64) 

= o , (7.65) 

V++n+ + 40>+2 _ 0 ^ ^7_QQ) 

V++n+2 ^ Q _ ^y.Q7) 

To solve eqs. fl7.64p - fl7.67p . one expands the corresponding unknowns over 6'^ and then £x 
the dependence of the coefficients by these equations. For instance, we write 

y+2 = ^;+2 + ff+y+'^ + , (7.68) 

and obtain from 07.671) the following equations and their solutions 

a++n+5 = 0 ^ (7.69) 

a++y+“ = 0 , (7.70) 

= 0 = wf (7.71) 

+ bd , = 0 > ('^•'^2) 

d**v-^ + + lV -\,.«] - . *’*“} = 0 ■ ( 7 - 73 ) 

Eq. 07.72P has the following solution, 

Vd = ■ (7-74) 

Eq. 07.73P yields both the solution for 

- ^£a6cdV“^V"V^ + ,V^^^})u-aU-o 

,v^^^]uaU-bUcU^ , (7.75) 

and the additional self-consistency condition 

vab] + IsabcdP^^wl^ - \WdB. = 0 . (7.76) 

O O 


The remaining equations can be solved analogously. Instead of writing the analogs of 
the equations fl7.69p - fl7.73p . we will present their solutions, omitting various self-consistency 
constraints which are identically satished on the hnal full solution. 
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We start with the equation fl7.66p . We have 


+ _ I I I \T/h3(i —2 I \Tr+4 —3 

^ — V(n\rl + (’hVH + ^ ^nh W • 


db 


The solution is 


^to)d = 


d “A ) "^d — '^Od , 


,-H _ 


^d =- 


-2 


iv^^v2 + - sy^) 


u 


A ’ 


it*’ = '*’} + . 

. 4“°’= y. +jiht ®*"’i. 


"^db ~ '^db '^a'^B 1 '^db 


^d^ = ^d 


One more important relation following from (I7.66p is 

i '• 1 

^abcdWQ + — £/fecdV Ug^j + —{'^bD^ "^a } ~ ^ ’ 

We now turn to (17.651) . Once again, we expand 


^[ab] ^ 0+y[ab] ^ Q+Q+^-2lcd\lab] ^ ^+3dy-3[ab] ^+4^-4[a6] _ 


The solution is 


[ab] 

^(0) = 


ab] 

0 ) 


—3[a6] 


= = 0 , 


y[ab\ ^ = -6ie 

An important consequence of fl7.65p is also the relation 

5ab,„A I L.M ,„A-\ , 1 afec/. , rV7“9.,0 _ 




9“V^ + K“'. rfl + - 2,{S]v‘„'' - ifvSA 

The most crucial is eq. (17.641) . It gives 

4“‘l = = „MB) = ip(tlB) 

2 3 

Now, substituting all this into (I7.87p . we can determine Vq^, 

^bA ^ ^yba^A 


= 0 . 


(7.77) 

(7.78) 

(7.79) 

(7.80) 

(7.81) 

(7.82) 

(7.83) 

(7.84) 

(7.85) 

(7.86) 

(7.87) 

(7.88) 

(7.89) 


Using (17.861) and (17.821) . we can also express and Vq^ through the basic superhelds 
y and VA^\ Thus, we obtain the full solution for V 

Now we are ready to explicitly construct the full superheld vector connection V“^. Using 
the dehnition (I7.62p . we obtain 


yab _ ^[ab] ^ ^.^abadQ-^j ^ Q.^abcdgA ^-^+2 


c '^d 


(7.90) 


38 























The crucial requirement now is that this connection is related to the connection in the 
sector of “unhatted” spinor derivatives as 

Vab = ^eabcdV^^ . (7.91) 

Comparing two expressions in the zeroth order in 6~, we immediately hnd 

= = = (7.92) 

which, being substituted into the basic superfields 17++ and 07.81) . 07.37p . precisely repro¬ 
duce the solution 06.27P and fl6.28p that we have presented in the previous Section. Comparing 
the coefficients of the next terms of expansion in 6~ in the equation 07.9ip gives relations that 
are identically satished, when taking into account the Af = (1, 0) equations of motion and the 
G-analyticity conditions, and so does not produce new constraints. 

Note that after the identihcation fl7.92p . the relation fl7.4ip becomes equivalent to fl3.34p . It 
gives the expression fl3.35p of W~^°' in terms of V . 


8 On-shell Af = (1,1) supersymmetric actions 
8.1 Invariant actions: d = 8 


We can now use the techniques developed in Sect. 6 and 7 to write down the actions invariant 
under the extended Af = (1,1) on-shell supersymmetry. The original <7 = 4 action fl4.14p is 
off-shell invariant. For d = 6, the invariants non-vanishing on shell are absent. Dimension 8 is 
the hrst nontrivial case. 

Consider the density 

= -T^J . ( 8 . 1 ) 


where the hatted analytic superspace measure dQ is defined as dQ = du{D (in contrast 
to it does not involves d^x). Bearing in mind the property fl7.9b ). 

V+0++ = D+0++ + [^+, 0++] = 0 , (8.2) 

where is given in fl7.44|) . and the fact that the commutator term does not contribute under 
the trace, we derive that the Lagrangian fl8.ip is Af = (1, 0) analytic: 


n+r+4: 

“ '^( 1 , 1 ) 


= 0 . 


(8.3) 


This analyticity holds only on shell since the constraint (17.9b ) necessarily implies the second 
equation of motion in fl7.45D . 

It is easy to see that the integral fl8.ll) is shifted by a total derivative under the Af = (0,1) 
transformations fl6.30p . Indeed, the integrand transforms as 


5Tr 




L4 


d 


= -e 


Tr 


“ 39 + L4 






(0++)^ 


L4 


(8.4) 
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and hence 




(8.5) 


The action 





( 8 . 6 ) 


is clearly invariant. 

To express flS.ip in terms of Af = (1, 0) superhelds, we need to substitute there the explicit 
expression fl6.28p for and to integrate over dQ~'^^du, using fl3.22p (with the capital SU{2) 
indices A,B,... instead of i,j ,...). Doing this, we reproduce the result fl5.34p quoted above. 

Though it is not at all seen in the expression fl5.34p . we expect that the Lagrangian expressed 
in components is invariant under the permutation \ 'ip. 

The Lagrangian fl5.34|) represents a. M = (1,1) generalization of the M = (1,0) super- 
symmetric single-trace Lagrangian fl5.2ip involving the vector supermultiplet. It is trivial to 
generalize in a similar way the double-trace Lagrangian 05.241) . It is sufficient to consider the 
density 


= (8.7) 

and perform the integrals over the hatted variables. The result is expressed in terms of the 
N = (1, 0) superhelds as follows 

= LaMTi' (W*‘W*'‘) Tr + 2iq*^V“‘q*P 

- («+-*V“‘,+ ) TV (<)+®V„t,+) + (,+^,+«) (,+ ,+ ) 

+ Tr (q*''W*‘) Tr {o+q-Jq+f - 2rW+'>Vi„<(+} 

+ liv («+■“«+») TV {(«+)" b+^, - W*‘‘\D:q-^,q\p]. (8.8) 

Thus, the nontrivial on-shell d = 8 invariants exist. Still the perturbative expansion for 
the amplitudes in the theory (I4.14p does not involve divergences at the two-loop level. The 
matter is that these invariants do not possess the full off-shell Af = (1, 0) supersymmetry, which 
the physically relevant counterterms should obey. Indeed, we have in our disposal the off-shell 
Af = (1, 0) harmonic superheld description, which implies the existence of the gauge-covariant 
Af = (1,0) supergraph techniques, such that all the relevant counterterms enjoy this off-shell 
symmetry. 
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8.1.1 Gauge non-invariant off-shell snpersymmetric realization 


Our remark is that one still can write an off-shell supersymmetric d = 8 action, if renouncing 
the requirement of gauge invariance. The corresponding density reads: 

= Tr(5) { 

-iT+“[zi+g^,g+]g+V^ - 

+ g+]) (2iAabW+^W+^ - 2F++Af,^“^ 

-3g+''V:g+ iy+“ + 3g+^V--g+ F++ 4- [q-, q^]q^^q^^) } . (8.9) 

Indeed, it is not difficult to check that the expression fl8.9p is G-analytic off mass shell. One 
further notices that the density fl8.9p coincides with fl5.34p modulo the terms proportional to 
the equations of motion. In other words, fl8.9p represents the same counterterm as fl5.34p : one 
expression is obtained from another by a held redehnition. 

Consider now a deformation of the action fl4.14p involving not the density fl5.34p . but the 
gauge non-invariant off-shell supersymmetric density fl8.9p . 

s = + f[ + fS2 + ... . ( 8 . 10 ) 


To order /^, the standard gauge transformation of the complete action reads 




(^F++ + ^[g+^, g+]) (^6V++ + 2ifdabA{W+^W+’’ 




1,0.lij 


which vanishes on shell, but not off shell. On the other hand, one can notice that the action 
fl8.10p is invariant under the modified gauge transformation 


51/++ = V++A - 2i/^T(^a^bA(lT+“lT+'’ - 2F++A“'’)) + 0{f ), 

where T(- • •) stands for the symmetrized product projected on the Lie algebra, 

T(XiX 2X3) = tnil [r'’(A'i{.Y2, A'a} + .Y2{A'3, A',} + .Y3 {A'i, A'j})] , 


( 8 . 12 ) 


(8.13) 


with the generators T’^ normalized by Tr {T’^T^) = 5^'?. 

This gauge transformation preserves the G-analyticity of V~^^. The algebra of the modihed 
gauge transformations closes. 


(5(Ai)< 5(A2) - 5(A2)(5(A2))G++ = (5([Ai, A2])G++ + 0{f ). (8.14) 

The situation when the action representing an inhnite series fl8.10p is invariant under the 
modihed gauge transformations fl8.12|) . which also are given by an inhnite series, is exactly 
the same as what happens for oh-shell supersymmetry, when choosing the gauge-invariant 
realization, cf. eqs. fl2.12p . fl2.13p and their discussion in Sect. 2. 
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Alternatively, one can restore the standard realization of gauge transformations by redefining 
the superheld V~^~^ in such a way that 

1/++ ^ V+++ 2if^T(^AabW+^W+^ - F++AabA^^)^+0{f). (8.15) 

The modihed is not analytic anymore, 

D+V++ = [D+, V++] = -feabcdT{W+^W^<^W^^) + 0{f). (8.16) 

The nonzero commutator (I8.16|l is related to the non-zero curvature constraints derived in j40] 
in the ordinary J\f = (1, 0) superspace formalism. 


8.2 Invariant actions: d = 10 

We again start with the invariants in the pure gauge sector. 

One can write two different off-shell A/” = (1,0) supersymmetric and gauge invariant La- 
grangians of canonical dimension 10. One of them is known as the single-trace invariant; the 
corresponding action reads 


^(10) 




(8.17) 


Any d = 10 invariant with a different ordering of the covariant superheld strengths is reduced 
to fl8.17p by integrating by parts with respect to the harmonic derivatives [using the relations 
fl3.38p ]. One can derive in this way the following convenient representation for fl8.17p . 




( 10 ) 


= - / dZSabcd^r {W+^,W-<^}). 


(8.18) 


This form of the d = 10 invariant implies, in particular, that all possible g^'^-dependent terms 
completing this off-shell W = (1, 0) invariant to an on-shell J\f = (1,1) invariant should represent 
a trace of the product either of two anticommutators or of two commutators. Thus, they should 
vanish in the abelian limit together with the term fl8.18p . 

There is also the double trace invariant. 


4 ^°) = j dZ Cabcd Tr (W'’) Tr (W'^). 


(8.19) 


Its uniqueness can be as well proved via integrating by parts and taking advantage of the 
relations fl3.38p . In the abelian limit, fl8.19p vanishes by the same token as fl8.17p . 

The difference of the invariants fl8.17p and fl8.19p from fl5.2ip and fl5.24p is that the harmonic 
charge of the integrand in the former is zero, and the integral now goes over the whole superspace 
rather than its analytic subspace. This brings about two additional powers of mass in the 
component Lagrangians. Another crucial difference is that fl8.17p and fl8.19p are J\f = (1,0) 
supersymmetric off shell, whereas fl5.2ip and fl5.24p are supersymmetric only on shell. 

To construct the possible on-shell M = (1,1) completion of fl8.17p and fl8.19p one can proceed 
in the spirit of Sect. 5. Namely, one can add to these expressions all possible M = (1,0) 
superheld invariants of dimension d = 10 with hypermultiplets and require the sum to be 
invariant up to a total derivative under the J\f = (0,1) transformations fl4.28p - fl4.3ip on the 
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mass shell 04.171) . 04.8p . In Sect. 5, we managed to carry out this program for the single-trace 
d = 8 invariant, but, for d = 10, this turns out to be an extremely difficult task. The calculations 
are much more simple, if using the on-shell M = (1,1) harmonic superspace formalism. 

We introduce the superheld 

4,-* = v--.^++ = 

<(+^11 . ( 8 . 20 ) 

It satishes the constraints, 

D+0-+ = V-0-+ = V--0-+ = V++0-+ = 0, (8.21) 


where 


V,- = D--Dtv- -eu- + e-ct>-^ 

[cf. 07.sop ]. The superheld 08.2Up appears in the anticommutator 

{D^\ V-} = 


( 8 . 22 ) 


(8.23) 


which can be obtained by applying V to both sides of the constraint 07.1b h 

In the full analogy with O6.30p . the M = (0,1) variation of O8.20p is a combination of a 
total space-time derivative, total 9 derivative and the commutator term. The latter involves 
the same compensating superheld as in 06.3Up . 

With the superhelds and 0 ^ in hand, it is rather clear how to dehne the two d = 10 
M = (1,1) invariant actions generalizing 08.17P and 08.19p . They are: 

^{1°) = Tr y dZdC^-^^ (0++)2(0-+)^ (8.24) 

and 

= - j dZdC^-^^ Tr (^0++0“+) Tr (0++0"+) , (8.25) 

where the minus sign in 08.25p was chosen for further convenience. 

In contrast to fl8.ip . these invariants vanish in the abelian limit (in agreement with the fact 
that fl8.17p and fl8.19p vanish in this limit). This property can be made manifest for fl8.24p by 
rewriting it as 

^(10) ^ _ 1 j _ ^g_26) 

The single trace invariant can also be written as a full superspace integral 

~ , <(>■■ = V--0-+ . (8.27) 

To show this, we represent 

dZ = dC^-^\D+Y , {D+Y := 
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(8.28) 
































and use the hat-analyticity of and 0 as well as the relations 


, D"+L)'^+0-- = -2iV'^'^0“+ (8.29) 

to bring fl8.27p in the form 

~ (8.30) 

After that we rewrite through the unhatted covariant derivatives as 

= V.i = i{Vj,Vj} (8.31) 

and then pull out the remaining two hatted derivatives to the right through the 

anticommutator fl8.3ip . using the constraint fl7.1b ) and its corollary fl8.23p . The result is 

/ .z TV ^) ^ TV (rt ri 1 ^-^ rl). (8.32) 


On the other hand, the double trace invariant cannot be written as a full-superspace integral 
and can be considered as a 1/4 BPS protected operator. This allows one to explain the absence 
of the associated logarithmic divergence in the pure spinor formalism [ini [201121] • However, it is 
not yet sufficient to prove the non-renormalization theorem in the standard quantum held theory 
framework. Eq. fl8.25p is a full-superspace integral over J\f = (1,0) harmonic superspace, and 
is d priori allowed by the harmonic superspace Feynman rules. One may anticipate nonetheless 
that the Ward identities for the non-linearly realized extra supersymmetry would permit to 
rule it out as an allowed counterterm. The integrand in fl8.25p is invariant with respect to the 
transformations fld.lSp modulo a total derivative in A/" = (1, 0) harmonic superspace and taking 
into account the equations of motion. The variation of a total derivative with respect to fld.lSp 
gives again a total derivative, and one gets in this way a chain of co-forms associated to a given 
supersymmetry invariant (see Sect. 5.3 of [3S]). One shows then in the framework of algebraic 
renor malizat ion Cl that the cohomology class associated to this chain of co-forms must be 
compatible with the cohomology class associated to the classical (dimension 4) Lagrangian. In 
this way, one would combine the constraints following from the M = (1, 0) harmonic superspace 
Feynman rules and the constraints following from the full A/" = (1,1) on-shell supersymmetry 
of the action in the framework of algebraic renormalization. One knows that neither of these 
methods, taken separately, is powerful enough to explain the absence of non-planar divergences 
at three loops |T8|. But we hope that, being combined in this way, they may allow to prove 
the required non-renormalization theorem. We will not, however, investigate this issue further 
in this paper. 

Let us come back to the explicit form of the d = 10 invariants in the M = (1, 0) harmonic 
superspace. It is rather straightforward to perform the integration over in the invariant 

08.261) and obtain its Af = (1, 0) superheld form. 

The result of integration can be written as a sum of the three terms 

^ jdZ (£<;“' + + £g“>), (8.33) 
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where 


-|9+'‘,V“‘?il|?+®,V“'<(Bl), (8.34) 

= |n' { ([«+^, ir-1 - [q--*, ir+l) [ilw*\ V.W.II + I b*®. [ 9 , 1 ,. c:?;,]]) }(8.36) 

^(3°’ = ]5Tr| [g+l'', g-®>] (|g+^, |fc, |g+, ?-,]]] + 2|g+^, [q^, |g+„ g-,]]] 

-i{W+‘, lfl:9i,9i]} - 41V“gJ, V^igi]) }. (8.36) 


While deriving fl8.34p - fl8.36p . we essentially used the integration by parts and various on- 
shell conditions like V = 0 etc. Perhaps, these expressions can be further simplihed by 

integrating by parts and using some SU{2) Fierz identities. Anyway, it would be very difficult 
to guess them entirely within the J\f = (1,0) superheld formalism. 

A good check of the correctness of (18.341) - fl8.36p is the verihcation of the fact that the 
variation of the hrst term in fl8.34p under the hidden supersymmetry [see 

fl4.29p ] is canceled (modulo various terms vanishing on-shell) by the (W)^ part of the variation 
of the term ~ in (I8.33p . The latter term is assembled from the pieces coming from (I8.34p 
and (18.351) and, after some algebra, is represented as 


2iTr 


{l^.iqi,W-'‘]lW*\q-'- 


Its variation under [see (14.281) ] exactly cancels the variation of the hrst term in 

(IffiMD . 

The double-trace invariant (I8.25P can also be straightforwardly cast into the J\f = (1,0) 
superheld form: 


= / dz{+ c 


( 10 ) 


;( 10 ) 


( 1 ) 


'{ 2 ) 


;(io) 

-(3) 


(8.37) 


= £abcd{Tr (W+“W-'') Tr (W+W'^) - iTr (W+“W+^) Tr (g'^V'^g^)} 

+ Tr (g+^V“'’g+) Tr (g-^V.^g^) - ^^“'Tr (g+^g+^) a,,Tr (g+g+), 

0 

^(3°' = 5 'T' (q*'*q^‘’) Tr{ [9^^. 9cl bj,. 9flil - 

+ 2p:9(B.9fl,|W'+“}, (8.38) 

As a good self-consistency check, one can verify that, in the abelian limit, the J\f = (1, 0) 
superheld Lagrangian in (I8.37P is indeed reduced to a total derivative. This check is not trivial 
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because not all terms in fl8.38p contain (anti)commutators under the trace [in contrast to fl8.34p 

- dHSS])]. 

Finally, we want to point out once more that the actions fl8.33p and fl8.37p respect the ojf- 
shell M = (1, 0) supersymmetry, being written in terms of the off-shell M = (1, 0) superhelds. 
They also respect the on-shell M = (0,1) invariance because they admit an equivalent repre¬ 
sentation as integrals over the M = (1,1) harmonic superspace and its non-trivial subspaces 
supporting a linear realization of both M = (1, 0) and M = (0,1) supersymmetries. The second 
supersymmetry becomes nonlinear, when is realized in terms of the M = (1,0) superhelds. To 
avoid a possible confusion, we note that the M = (1,1) form fl8.24p and fl8.25p of the d = 10 
terms already enjoys the off-shell M = (1, 0) supersymmetry. The equations of motion come 
into play, only when checking the M = (0,1) invariance of these expressions. 

9 Summary and outlook 

In this paper, we applied the off-shell Af = (1, 0) and on-shell M = (1,1) harmonic superspace 
approaches for constructing higher-dimensional invariants in the six-dimensional M = (1, 0) 
SYM and Af = (1,1) SYM theories. The Af = (1,1) SYM theory constraints were solved in 
terms oi Af = (1, 0) harmonic superhelds. This allowed us to explicitly construct the full set of 
on-shell Af = (1,1) supersymmetry invariants of canonical dimensions 8 and 10 in TV = (1,0) 
superspace. All possible d = 6, TV = (1,1) invariants were shown to vanish on shell, conhrming 
the UV hniteness oi Af = (1,1) SYM at one loop. We have also shown that there are no 
d = 8 on-shell Af = (1,1) supersymmetric invariants which possess the full oh-shell Af = 
(1,0) supersymmetry together with oh-shell gauge invariance. Assuming the use of a gauge- 
invariant regularization scheme for Af = (1,0) supergraphs, this implies the absence of two-loop 
counterterms. On the other hand, the on-shell Af = (1,0) and Af = (1,1) supersymmetric d = 8 
invariants exist. They are represented as the analytic harmonic Af = (1, 0) superspace integrals 
of densities which are both analytic and gauge invariant only on mass shell, i. e. assuming the 
equations of motion to be satished. We show that one can enforce either oh-shell analyticity 
or oh-shell gauge invariance of the relevant density, but not both of them simultaneously. 
Structures of this kind appear in the derivative expansion of the supersymmetric Born-Infeld 
action. 

Two d = 10 invariants were explicitly constructed as integrals over the whole Af = (1,0) 
harmonic superspace. The single-trace invariant can be rewritten as an integral over the full 
Af = (1,1) superspace, while the double-trace invariant cannot. This property, being combined 
with an additional reasoning based on the algebraic renormalization ideas adapted to the Af = 
(1,0) harmonic superspace formalism, could potentially explain why the double-trace invariant 
is UV protected. However, to prove this, we would need hrst to compute the chain oiAf= (1,0) 
harmonic superspace co-forms associated to these two invariants and then establish that the 
chain associated to the double-trace invariant is, indeed, incompatible with the one of the 
classical action. 

The Af = (1,1) harmonic superspace is also useful to conveniently combine on-shell particle 
states into a G-analytic superheld in momentum space. This provides an efficient tool to apply 
the generalized unitary method to compute on-shell scattering amplitudes in W = (1,1), QD 
SYM theory [49] (see also [50] and references therein). It would be interesting to clarify the 
relations between the Feynman rules in W = (1,0) harmonic superspace and this generalized 
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unitary method in (on-shell) momentum harmonic superspace. 

We conclude by mentioning some other problems where our on-shell harmonic approach 
could be applied. 

It could be used, e.g., to construct the invariants of higher dimension d > 12 in the M = 
(1,1), QD SYM theory and to inspect whether some kind of the non-renormalization theorems 
could be formulated. The same methods could be applied for constructing the Born-Infeld 
effective action for coincident D5-branes in type IIB string theory, with the manifest M = (1,0) 
off-shell and hidden M = (0,1) on-shell supersymmetries. It would be also interesting to develop 
an analogous on-shell A/" = 4, AD harmonic superspace approach for the A/" = 4, AD SYM 
theory in the off-shell A/" = 2 superheld formulation and apply it to the problem of constructing 
the relevant quantum effective action and proving its identity with the appropriate D3-brane 
Born-Infeld action. An intriguing feature of such effective actions is the presence there of 
Chern-Simons (or Wess-Zumino) type terms of non-tensorial character [CT l5^ [53] . It would 
be interesting to see how such terms (and their possible QD counterparts) could be identihed 
in the on-shell harmonic superspace approach. 

The last (but not least) domain where the on-shell harmonic superspace methods could 
help in selecting relevant counterterms and other higher-dimensional invariants is extended 
supergravities in diverse dimensions. 
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Appendix A. Bianchi identities 

Many important identities between the harmonic superhelds in the pure gauge M = (1,0) 
theory were derived and discussed in Sect. 3. The Bianchi relations allow one to obtain further 
interesting and useful identities. 

When one includes the hypermultiplet superhelds and imposes the on-shell constraints fl4.8p . 
fl4.9p . many other relations relevant to M = (1,1) SYM theory can also be derived. 

Al. Off-shell relations 

We hrst discuss the pure gauge theory off-shell relations. Taking the anticommutator of D^ 
with the second of relation in fl3.34l) . we hnd 

[Vab, Ved] = i (eacd/V,-. (A.l) 

An important Bianchi identity is obtained from (lA.ip by contracting its both sides with 
^ahcd using the fact that [Vab, = 0. One obtains 

= (A.2) 
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Rewriting the identity fl3.39p as 


c„nr+'' = ii‘r>+n^+% 

acting on its both sides by V and using flA.2p . one also hnds 

+ V-1R+^ = 15^ DtW-^ 


(A.3) 


(A.4) 


One of the corollaries of flA.ip is that its right-hand side is antisymmetric under the permuta¬ 
tions a b and ab -f-)- cd, as its left-hand side is (the antisymmetry under c -f-)- d is manifest on 
both sides). 

One more important Bianchi identity following from the basic (anti)commutation relations 
can be derived by anticommuting both sides of (lA.ip with or 

= -iD^D^W-^ ^ + iy- = 0 . (A.5) 

All other relations obtained in this way are identically satished as a consequence of (1A.5I1 and 
the identities derived above. By commuting (lA.5p with V , one obtains an analogous identity 
for W~°‘, 


e V-D+W-‘‘+ iD+V^W-'’= 0. 


(A.6) 


A2. On-shell Af = {1,1) relations 

The presence of the hypermultiplet does not affect the off-shell identities derived above. But 
the on-shell identities are modihed. For example, instead of = 0, we obtain, using 

(1T39D, 




Bearing in mind flA.Tp . one obtains 


DjlV-” = = -2{q-^, ril, 

qi] = 9 tl , 

= IlDtq-'^, fcl = -|lV:«+o, fc]. 


-2|9 . 


Starting from the evident identity 


(A.7) 


(A.8) 

(A.9) 


= V,-}D+g-^, 

and repeatedly using fl3.34l) together with the on-shell relations fl4.10p . it is straightforward to 
obtain the following cyclic on-shell identity, 

{VabDt + q-^ = ^^Sabcd ([W"-", - [hF+", q'^]) , (A.IO) 

which, in virtue of the analyticity condition D'^q^^ = 0 , also implies 

{VabV: + + VfceV-) = -^Sabcd ([hF“", 9+^] - [hF+", q-^]) . (A.ll) 
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Some useful consequences of these identities are 


(A.12) 
(A.13) 
(A.14) 
(A.15) 
(A.16) 
(A.17) 
(A.18) 

= -|({»r+“,C+ft} + 2 [?!, 1?-^,??]] - 2 ), (A.19) 

where we took advantage of the on-shell relations flA.SD . Note that flA.12D . flA.16D and flA.17p 
are none other than the covariant superheld form of the 6D Dirac and Klein-Fock-Gordon 
equations for the physical fermionic and bosonic components of q^. 

One more useful on-shell consequence of the Bianchi identities is the following cyclic identity: 


v“‘-D^n = I ([14'+“. nl - dl). 

= -i ril + 2lW+‘, q-^]) , 

W-'Vj.ri = -llDtW-‘,g*] - - i fc, 1,+^ ,+]] ), 

i [ri. IV^.fcl] ). 

= {'r“”,£>+ 9 i}+ ^ [q\, | 9 “^. 9 c]] - q [ 9 i. . 

= {H^+”,£>+(/^}+ i [<jJ, lq^'^,qc]] - ^ fc, lq*‘^,qS]] , 

= l({W+\D:qj} - [qi, r°,«a] - 2 [ft, ), 

7 ad 


yab^^+c ^ yca^+b ^ _ ^ahcd^-^^+A^ ^ 

from which one can derive 

V^"Vbcfh+“ = [V^fF+“, 1D+^] + g+], lD+“] 


(A.20) 


(A.21) 


Appendix B. In quest of an off-shell A/^ = (1,1) ti = 6 invari¬ 
ant 

We continue here the discussion of Subsection 5.1 and study the symmetries of the higher 
derivative actions of canonical dimension 6. A generic M = (1, 0) supersymmetric action of 
this kind is a linear combination of the supergauge action (15. Ih and the hypermultiplet actions 
fid.lip . fl5.3p and fl5.5p . The question is whether one can dehne a specihc linear combination 
S^^'> which would be invariant off shell under the variations fl4.15p of the hidden J\f = (0,1) 
supersymmetry. 

Requiring the cancellation of the terms generated by the variations fl4.15p in the hrst order 
in q'^^ and using the formula 

<54vm = ^Tr J dZ51/++(V--)2F++ = ^Tr j dC^-^UV^^{D^)\V-)\D^)^V- 

we deduce the following form for the candidate action 

^(6) = - j dZq+^V—q^-I j dZq+^{V—fV-^^q^ 

+ OinSn + /3*S'quart ; (B-2) 

n>3 

where an and (3 are arbitrary coefficients; Sn and Squart were dehned in fl5.3p . (I5.5p . The 
variation of the second line in flB.2p does not involve the linear in q terms (this is obvious for 
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‘S'quart and one can also show this to be trne for all S'„ with n > 3). 
cancelled in the variation of the hrst line. 

The variation of the hrst line in flB.2p can be represented as 


These terms are also 


n„. = j rfC'-*) |(£>+)-‘C-“]V++,+ 

(B.3) 

where 

+ [V~-<5of"-, g+1 - 2[5of"-, V--g+^], (B.4) 

or, in the eqnivalent form, 

= e-®|?J.(V-)V1-e+®|(V-)''<;+ V-<,+1 

+ lV-SoV-,q+-'] + 1V++(V-3„V'-), V-5+t ■ (B.5) 


While calcnlating this variation, we took advantage of the general formnla fl3.28p for the vari¬ 
ation of V . 

The second term in the variation flB.3p cancels the variation of the qnartic term S'quart in 
nnder a particnlar choice (3 = -^ that we adopt. Next, we note that the second term in 
(IB.2P can be rewritten as an integral over the analytic snbspace, 

Tr j dZq+^V—q\ = -Tr j F++ [q+^ , qX\ ■ 

Then the hrst two terms in (IB.2P together with the qnartic term can be written as 





(B.6) 


Note that the expression in the parentheses is nothing bnt the eqnation of motion for for 

the standard d = 4 action of Eq. fl4.14p . Then the action can be written as 


S(.) = 


dC 


(- 4 ) 




dZ (V”)2g+^V++gl 


(B.7) 


Similar to the hrst term in flB.7p . the second term is also the prodnct of two eqnivalent forms 
of the eqnation of motion for eqs. fl4.8p and fl4.9p . 

The total variation of flB.7p is given by the hrst term in the variation flB.3p . It does not 
seem to represent a total derivative. If adding the snm over Sn with nonzero coefficients, the 
cubic in q terms in the variation are modihed, and they would include the terms with higher 
powers of harmonic derivatives. This does not seem to help. 

Let us focus on the case of vanishing a„. To check that the integrand in the variation 
of such an action is not a total derivative and hence that flB.3p does not vanish, we can use 
the following trick. If the integrand were a total derivative, the related “equation of motion” 
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obtained by varying fIB.Sp with respect to , treated as an unconstrained superfield on the 
analytic harmonic superspace, should identically vanish. After some algebra, with making use 
of the analyticity of , we find that the variational derivative of fIB.Sp with respect to 
is reduced to the expression 

where 

= e+^[g+'',(V-)2ga + 2[(V-5o^--),V++g+^] 

+ 2[5o^--,(l + {V++,V--})g+^] 

- V"V++g+] + 3[V--g+^, V++g+]). (B.8) 

It is easy to show that for the particular class of q~^^ subjected to the dynamical equations 
(14.81) and (14.91) . the variation SqV is reduced to 

ho^--| =6-^V--g+, (B.9) 

and 

r^| = 4e-^[V--g+,g+^]. (B.IO) 

Then it immediately follows that {D^Y{Y^\) = 0 because of the analyticity of q'^^. 

However, we do not see any reason for (IB.81) to vanish in the general case, when q'^^ is 
not subject to any dynamical constraint. One of the arguments against the existence of an 
off-shell M = (1,1) supersymmetric d = 6 action is the following. In the d = 4 action (14.141) . 
the extended supersymmetry implies among other things the symmetry between the physical 
fermion of the gauge multiplet and the fermion of the hypermultiplet. This symmetry is manifest 
when the action is expressed in components. On the other hand, there is no such symmetry for 
the d = 6 action. It was shown in [38] that an action Sn in (15.31) involves an infinite number 
of physical propagating bosons and fermions associated with the harmonic expansion of q~^^. 
This cannot match with the gluino sector that involves a finite number (=12) of the fermionic 
degrees of freedom for each value of the color index. 


Appendix C. Af = (1,0) on-shell d = 8 invariants 

We give here the full list of the planar (single-trace) G-analytic d = 8 invariants @ involving 
the gauge supermultiplet and the hypermultiplet and study their properties. 

Cl. Most general analytic 

A generic on-shell analytic d = 8 single-trace Lagrangian can be represented as a linear 
combination of the following six terms, 

5 

= + (c-i) 

i=l 

^®The pure Af = (1,0) SYM invariant (15.211) is G-analytic, and its JV = (1,1) extension we are interested in 
is also G-analytic. 
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where Lq is given by fl5.25p and 

ry = V^q*]W*‘W*'‘ + i{lV+“, (q*f }\Dtq-^, ?!] + (<?+)“ I?"'", d]},(C.2) 


ry = Tr{q**V,tq\q+‘>V'^q+ + q*^Diq-^[q+‘>W^‘‘q+-(q^fW*'‘] 

+ («*)"9*V"'«a9b + (9*)‘9*''«a}. (C.3) 

L 3 +* = Tr{,+-<V.ig.+ V“V®9j-59+X*9i[9’"®W'’*“9B-«"+“(«+)=] 

+ \Dtq-'q*[q+’>W+'‘q% - (q^fW+’‘] + (q'-'q^ - q*‘'q^) 

+ i(9+)"9+'‘(9“®9j - 9+®9 b)9J}, (C.4) 

if = Tv{v„w*'’9jV'‘V^9l + r<„+9-yyW"+“(9+)"-9-"®W"+“9j] 

- ( 9 ^)^ [ 9 *'' q^'^qiiqi + ( 9 ^) V®9b] }. (c.5) 

L« = Tr{v„w+®V“'’9+(9+)^ + i|9+'‘, W'+“]|B„+,i, ( 9 +)"] 

+ 5 I 9 ®®. (9yy9i. (9®n}. (c.e) 


Here ■= Q'^^Qa ~ ^a\ ■ straightforward to check that each term in the sum 

fIC.ip is separately annihilated by D~j . 

Taking into account that the analytic superspace integration measure is ~ d^xdu{D~)‘^, one 
can integrate the above Lagrangians by parts not only with respect to Vab but also with respect 
to V“ and V . Using this opportunity and making use of the on-shell relation flA.lTp . one 
can show that is a total derivative on shell and establish the following on-shell relations, 

L+‘ = ip, L+*= -L+‘-Lt\ (C.7) 

We are left with only two independent Lagrangians, and The representation fIC.ip is 
thus rewritten, modulo a total derivative, as 

+ ttsLg ^ . (C.8) 

C2. Hidden J\f = (0,1) supersymmetry 

Now we can vary with respect to the on-shell M = (0,1) transformations fl4.28p - fl4.3ip in 
order to learn at which values of the free parameters Oj it is invariant (up to a total derivative). 
A general variation contains the terms not involving the superheld strengths 1U^“ as well as 
the terms of the hrst, second and third degrees in 1U^“. It is easy to check that the cubic term 
~ (lU)^ in the variation comes only from and represents a total derivative. To explore 
the cancellation of the other terms [he. terms ~ (lU)^, (lU)^ and (1U)°] in the variation of the 
generic Lagrangian flC.8p is not an easy problem. 

Consider a symmetrized trace invariant (I5.34p . which, as we showed, is the on-shell W = 
(1,1) invariant. It can be expressed via the structures (15.251) . (1C.211 - (1C.611 as 

= LJ- + if* - i (iy + iP - + 2L+‘) . (C.9) 
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This corresponds to the following particular choice of the coefficients in the general formula 

(ED, 


Cti 





(C.IO) 


Taking into account the on-shell equivalence relations flC.711 . the invariant flC.911 can be cast, 
up to a total derivative and modulo equations of motion, in the simple form fIC.Sp with a 2 = 
0, as = 1: 


= LJ-+ (C.ll) 

We have explicitly checked the cancellation, up to a total derivative, of the quadratic terms 
~ (IT)^ in the variation of this expression under fl4.28p - fl4.3ip . 
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